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Abstract
Analyticity of gluon and Faddeev–Popov ghost propagators and their form
factors on the complex momentum-squared plane is exploited to continue ana-
lytically the ultraviolet asymptotic form calculable by perturbation theory into
the infrared non-perturbative solution. We require the non-perturbative multi-
plicative renormalizability to write down the renormalization group equation.
These requirements enable one to settle the value of the exponent characteriz-
ing the infrared asymptotic solution with power behavior which was originally
predicted by Gribov and has recently been found as approximate solutions of
the coupled truncated Schwinger–Dyson equations. For this purpose, we have
obtained all the possible superconvergence relations for the propagators and
form factors in both the generalized Lorentz gauge and the modified Maximal
Abelian gauge. We show that the transverse gluon propagators are suppressed
in the infrared region to be of the massive type irrespective of the gauge pa-
rameter, in agreement with the recent result of numerical simulations on a
lattice. However, this method alone is not sufficient to specify some of the
ghost propagators which play the crucial role in color confinement. Combin-
ing the above result with the renormalization group equation again, we find
an infrared enhanced asymptotic solution for the ghost propagator. The cou-
pled solutions fulfill the color confinement criterion due to Kugo and Ojima
and also Nishijima, at least, in the Lorentz–Landau gauge. We also point out
that the solution in compatible with color confinement leads to the existence of
the infrared fixed point in pure Yang–Mills theory without dynamical quarks.
Finally, the Maximal Abelian gauge is also examined in connection with quark
confinement.
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1 Introduction
Quantum chromodynamics (QCD), a non-Abelian gauge theory [1] with a gauge group
SU(3), is now regarded as the fundamental theory for describing strong interactions
among quarks, gluons and hadrons as their bound states. Since asymptotic freedom [2]
exists in QCD with Nf quark flavors less than 33/2, one can predict the ultraviolet
(UV) behavior of QCD by perturbation theory in a reliable way. In order to discuss the
infrared (IR) behavior, on the other hand, we must solve the strong coupling problem
beyond the perturbation theory. In the IR region, indeed, the perturbation theory
itself cannot be a reliable method of calculations. Hence, we need inevitably non-
perturbative methods. However, this does not necessarily mean that the perturbation
theory cannot provide any information on the IR behavior of QCD, as will be shown
in this article.
One of the most direct methods to study the non-perturbative features of quantum
field theory would be to write down and solve the Schwinger–Dyson (SD) equation.
The SD equation is a set of self-consistent equations among Green functions and
constitutes a series of exact equations. However, the SD equations consist of the
infinite number of simultaneous non-linear integral equations. In actually solving the
SD equation, therefore, one needs to perform a certain truncation which can not be
justified within the framework. Nevertheless, the approximate solutions have become
an efficient tool for studying non-perturbative problems which cannot be reached by
perturbative method, e.g. chiral symmetry breaking. See e.g., reviews [3, 4, 5].
So far, the extensive studies of the SD equations in QCD have almost been re-
stricted to the SD equation for quark propagator (referred to as quark SD equation
hereafter), see Figure 1(a). In order to study gluodynamics,1 we must solve the cou-
pled SD equations for the gluon and Faddeev–Popov (FP) [7] ghost propagators, see
Figure 1(b),(c). Of course, solving them is more difficult than solving the quark equa-
tion alone. This is mainly because the SD equations for gluon and ghost are truly
non-linear coupled equations. This is in sharp contrast with the quark SD equation
studied so far.
An origin of this non-linearity comes from the treatment in which both propagators
are incorporated on equal footing, see Figure 1(b),(c). In the conventional treatment
of the quark SD equation, the gluon propagator was replaced by hand with the free
propagator (ladder approximation) or dressed propagator in the one-loop resumed
level (improved ladder approximation) and consequently the problem was reduced to
solving the quark propagator alone.2 Another origin of non-linearity comes from the
fact that gluon and ghost are bosons. The quark SD equation can be decomposed into
two equations for the mass function and the wave-function renormalization function.
The equation for the quark mass function can be linearized as a good approximation
or in the rigorous sense (bifurcation technique) due to a fact that quark is a fermion.
The general solution for the mass function can be obtained by adopting either method
of linearizations. Once the general solution is obtained, it can be used to study the
1In this article, we deal only with the manifestly Lorentz covariant formulation of Yang–Mills
theory. Therefore, we do not discuss the non-covariant gauge, such as the Coulomb gauge and axial
gauge [6]. We do not discuss the Fock–Schwinger gauge in this article either.
2For the four-dimensional QED, the coupled SD equations for electron propagator and photon
propagator in the Landau gauge were solved a decade ago under the bare vertex approximation in
an article [8] and subsequently by Bloch and Pennington [9] in a numerical way.
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whole range of momenta. This fact facilitates considerably the analysis of the quark
mass function.
Figure 1: The coupled Schwinger–Dyson equations for three propagators in QCD with
the conventional Lorentz gauge fixing. (a) quark equation, (b) ghost equation, (c)
gluon equation. Here S denotes the full quark propagator, ∆ the full ghost propagator
and D the full gluon propagator, while Γ denote the four types of vertices. The pure
Yang-Mills part is enclosed by the broken line.
In recent several years, extensive analytical studies [10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23] of the coupled SD equations for gluon and ghost propagators
were performed to obtain the infrared (IR) and ultraviolet (UV) asymptotic solu-
tions in the SU(Nc) Yang–Mills theory restricted to the Landau gauge. The lead-
ing term of the UV asymptotic solution recovers the one-loop resumed perturba-
tion theory due to asymptotic freedom. In fact, the solutions for the Euclidean
gluon propagator DABµν (Q
2) = δAB(δµν − QµQν/Q2)DT (Q2) and ghost propagator
∆ABFP (Q
2) = δAB∆FP (Q
2) (A,B = 1, · · · , N2c − 1 for SU(Nc)) have the expected UV
2
forms
DT (Q
2) ∼= C
Q2
(logQ2)γ, ∆FP (Q
2) ∼= D
Q2
(logQ2)δ, (1.1)
where C and D are Q2-independent constants and the exponents γ and δ are inde-
pendent of the number of colors Nc in SU(Nc) Yang-Mills theory at one-loop level,
i.e., γ = −13
22
and δ = − 9
44
.
A remarkable characteristic of gluodynamics claimed by von Smekal, Hauck and
Alkofer [10] and subsequently confirmed by Atkinson and Bloch [11] in a simpler
framework is that the Euclidean gluon propagator behaves like a power of the mo-
menta in the IR limit of vanishing momenta Q2 → 0:
DT (Q
2) ∼= A(Q2)2κ−1, (1.2)
and the gluon propagator is suppressed in the IR regime for κ > 0, while the Euclidean
ghost propagator is enhanced to be more singular than the free one in the IR limit
Q2 → 0:
∆FP (Q
2) ∼= B(Q2)−κ−1, (1.3)
where A and B are Q2-independent constants. This result is surprisingly due to
dominant contribution from the ghost loop in IR region. However, the value of the
exponent κ varies in the range 0 < κ ≤ 1 depending on the way of truncation
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. At present, the precise value of κ is not
known. Therefore, it is still under the debate whether the gluon propagator converges
to a finite non-zero value (κ = 1/2) or vanishes (κ > 1/2) in the IR limit Q2 → 0.3
It should be remarked that such behaviors of gluon and ghost propagators were first
predicted by Gribov [24]. His result corresponds to κ = 1:
DT (Q
2) ∼ Q
2
Q4 +M4G
, ∆FP (Q
2) ∼ M
2
G
(Q2)2
, (1.4)
where the mass scale MG is called the Gribov scale.
A serious problem is that at present one does not have any analytical method for
connecting in the intermediate region two asymptotic solutions to obtain the complete
solution over the whole range of momenta. Only the numerical studies have succeeded
in obtaining the complete solution in this sense. Therefore, there is no guarantee that
a specific IR asymptotic solution obtained in the analytical study can be a piece of
the complete solution which must reduce to the UV asymptotic solution in the large
momenta. There is also a problem of uniqueness of the solution [20], since the IR
asymptotic solution is obtained based on a specific Ansatz for the solution. Therefore,
one cannot judge if a set of IR power solutions (1.2) and (1.3) is unique for the coupled
SD equations. The other problem is that all the SD equations aforementioned have
been solved in Euclidean space. Indeed, the obtained Euclidean solutions are very
helpful for comparison with the results of numerical simulations on a lattice. However,
one needs to perform analytic continuation in order to go back to the Minkowski
3On the lattice, there is a general argument [25] which supports the vanishing of the gluon
propagator at Q = 0. However, this is not necessarily the case in the continuum limit due to the
renormalization effect, see pp.146–147 of [25].
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spacetime. The analytic continuation to the Minkowski region is not necessarily
ensured for the Euclidean solutions with the asymptotic behaviors (1.2) and (1.3).
The main purpose of this article is to study the relationship between quark, gluon
and ghost propagators in Euclidean region and the spectrum of QCD in the Minkowski
region in connection with color confinement. In this article, we show in Yang–Mills
theory with the gauge group SU(Nc) that the analyticity of the full propagator on the
complex momentum plane plays the role of connecting the perturbative UV asymp-
totic solution into the non-perturbative IR asymptotic solution and vice versa. This
study resolves the question as to what the IR asymptotic solution with power behavior
(characterized by an exponent κ) means for the spectrum with respect to the funda-
mental fields. We suggests which type of IR asymptotic solutions should be searched
for in the SD equation, while the UV asymptotic solution can be reliably predicted
by perturbation theory due to asymptotic freedom. In other words, the precise value
of κ will be predicted, if the solution behaves like a power of the momenta.
In this article, we examine two types of manifestly Lorentz covariant gauges: first
the Lorentz gauge in the most general form [26,27,28,29], so called the Curci–Ferrari
gauge, and then the modified version [32, 33, 34, 35, 36, 37, 39, 38, 40, 41, 42, 43, 44]
of the Maximal Abelian (MA) gauge [30, 31]. In the conventional Lorentz gauge,
all the approximate solutions of the coupled SD equations for the gluon and ghost
propagators have been obtained only in the Landau gauge. The SD equation approach
in the MA gauge in the same level as the Lorentz gauge is still missing in the MA
gauge, but see [45] for a preliminary result.
This article is organized as follows. In section 2, we introduce the generalized
Lorentz gauge and the modified MA gauge for later convenience. For the above
purpose, we analyze the propagators in the complex k2 (momentum squared) plane
in section 3. We require non-perturbative multiplicative renormalizability for writing
down the renormalization group (RG) equation for the propagators in the complex
k2 plane. The analyticity of the propagators except for the positive real axis and
the asymptotic behavior for large |k2| enables us to specify the IR asymptotic form
(|k2| → 0) such that it can be analytically continued to the UV asymptotic form
(|k2| → ∞) calculable by perturbation theory.
In this article, we investigate which type of IR asymptotic solution of the SD
equations is consistent with the general principles of quantized gauge field theories:
1. Non-perturbative multiplicative renormalizability
2. Analyticity
3. Spectral condition (and completeness)
4. Poincare´ group structure
without relying on the approximate solutions of the SD equation.
The former half of this article is deeply indebted to an idea of old articles by
Oehme and Zimmerman [46,47] and subsequent articles by Oehme and his collabora-
tor [48, 49, 50, 51, 52, 53, 54, 55, 56, 57]. A concept of the superconvergence is crucially
important also in this article. The superconvergence relation is nothing but a sum
rule for the spectral function of the fundamental field propagator which is defined
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in the Minkowski region.4 We reconsider anew the relationship between the super-
convergence relation and the Euclidean propagator, which is to be compared with
the solution of the coupled SD equations, paying special attention to the IR asymp-
totic solution. We explicitly obtain all the possible superconvergence relations in the
generalized Lorentz gauge in section 4 and the modified MA gauge in section 7. In
the generalized Lorentz gauge, we show that the superconvergence relation holds for
gluon. Consequently, the Euclidean gluon propagator has the power-series expansion
in Q2 and goes to a Q2-independent constant, i.e., DT (Q
2) ∼ const. in the IR limit
Q2 → 0. Therefore, this result suggests that the IR exponent κ characterizing the
Euclidean solution must take the value
κ =
1
2
(1.5)
irrespective of the value of gauge fixing parameter.
A question is whether or not the IR asymptotic solution for the ghost propagator
exhibits power behavior, just as the recent approximate solution of the truncated SD
equation suggests. So far, one has payed little attention to the superconvergence for
ghost. We claim that the superconvergence does not hold for ghost in the pure Yang–
Mills theory (without dynamical fermions) against the previous result [56]. In fact,
we elucidate that non-existence of the superconvergence for ghost is consistent with
realizing color confinement in QCD. At the same time, we point out the subtleties of
using the Landau gauge in the Lorentz type gauge fixing, although all the approximate
solutions of the coupled SD equations for the gluon and ghost propagators have been
obtained only in the Landau gauge. In this article we shall provide a unified view
among Euclidean solutions of the SD equations, color confinement and the spectrum,
especially the mass gap of Yang–Mills theory and QCD.
In section 5, the IR asymptotic form in Euclidean region (k2 < 0: negative real
axis) is related to the spectral property in the Minkowski region (k2 > 0: positive
real axis) by way of the spectral representation which follows from the spectral condi-
tion, Poincare´ covariance and completeness of the intermediate states. We show that
DT (0) <∞ is consistent with the existence of a massive pole in the gluon propagator
in the Minkowski region.5 Moreover, we show that, for gluon with massive spectrum,
the gluon propagator and the gluon form factor have the well-defined power-series ex-
pansions in Q2 for small Euclidean momenta Q2, suggesting the uniqueness of the IR
asymptotic solution with power behavior. In the Landau gauge, this result does not
contradicts with the existence of the gluon condensate 〈A2µ〉 of mass dimension two
which has been extensively studied by several groups [62,61,63,64], see [67] for more
details on the physical meaning of dimension two condensate. The gluon condensate
〈A2µ〉 is a special limit of the ghost–gluon condensate of mass dimension 2 which is
on-shell BRST invariant as proposed in [65, 66] and calculated recently in [68].
In the latter half of this article, we shall focus on the following issues. For the FP
ghost propagator, however, the analyticity approach alone is not sufficient to provide
4The various sum rules were devised in QCD to investigate the hadronic properties, see [58,59,60]
for reviews. The sum rule in this article is restricted to that for the fundamental field, rather than
the composite hadronic field operators.
5It may happen that this constant DT (0) vanishes. This case implies κ = 1, the Gribov limit.
This possibility can not be excluded from the general considerations only. However, such a case is
realized only when the subtle cancellation occurs between two terms. The argument in more detail
will be given later.
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precise form of the IR asymptotic solution. This is reasonable for our result to be
consistent with the result of SD equation, since the superconvergence for ghost in the
Landau gauge contradicts with the solution of the SD equations mentioned above,
i.e., enhancement in the IR region. In section 6, therefore, we make use of the RG
equations for the gluon and ghost propagators in the IR region. First, we point
out that the RG equation for the ghost propagator has the IR asymptotic solution
with power behavior, if the RG functions in the RG equations have the power series
expansion around the IR limit of the coupling constant g2(µ = 0), see Figure 7. Here
we use the fact that the gluon propagator has the IR asymptotic solution with power
behavior, which follows from the superconvergence argument above, and that the
β function is common to both RG equations. Thus the power solution DT (Q
2) ∼=
A(Q2)α−1 for the gluon propagator yields the power solution ∆FP (Q
2) ∼= B(Q2)β−1
for the ghost propagator whose IR critical exponent is characterized by the anomalous
dimension of the ghost.
Next, we must answer how to obtain the exponent β in the IR asymptotic solutions
for the ghost propagator. The non-renormalization of the renormalization factor Z˜1
for the gluon–ghost–antighost vertex in the Landau gauge yields the relation β =
−α/2 = −κ, by supposing the existence of an IR fixed point, i.e., a finite value
of αs(0) :=
g2(0)
4π
, suggested from the solution of the SD equation. Thus the ghost
propagator in the Landau gauge must behave like
∆FP (Q
2) ∼= (Q2)−3/2 (1.6)
in the IR region, provided that κ = 1/2. This result shows that the color confinement
criterion due to Kugo and Ojima
lim
Q2→0
[Q2∆FP (Q
2)]−1 ≡ 1 + u(0) = 0 (1.7)
is fulfilled in the Landau gauge Yang–Mills theory. These results should be compared
with numerical simulations [69]. An exception to the above argument is the case of
the IR attractor, namely the β function has a pole. In this case, we have not yet
found the consistent solution.
In section 7, we analyze the modified MA gauge. The MA gauge looks quite
different reflecting a fact that the propagators are gauge dependent quantities. We
show that the off-diagonal gluon and off-diagonal ghost propagators converge to Q2-
independent constants in the IR limit. This implies that the off-diagonal modes
become massive as is expected from the Abelian dominance [30,70,71]. The Abelian
dominance was predicted in [70] and subsequently confirmed by numerical simulations
on a lattice [71]. On the other hand, independent analytical investigations suggest
that the vacuum condensates of mass dimension 2 may be an origin of dynamical mass
generation for off-diagonal modes, see [40,41,42,43] for the BRST non-invariant ghost
condensate and [65,67] for the BRST-invariant gluon–ghost condensate. However, the
precise relationship between the condensate and the IR asymptotic behavior is not
yet fully understood. A remarkable result in this article is that the diagonal gluon
propagator can be of massive type and that only the diagonal ghost propagator can
be short-range, since only the diagonal ghost does not obey superconvergence. The
implication of this result to color confinement will be discussed in this article. Our
results can be compared with the recent numerical results [72, 73].
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The final section is devoted to conclusion and discussion. Some of the details of
the calculations are given in Appendix A.
2 The generalized Lorentz gauge and Maximal Abelian
gauge
In this section we introduce the generalized Lorentz gauge and the modified Maximal
Abelian (MA) gauge which are used in this article for fixing the gauge of the SU(Nc)
Yang–Mills theory.
2.1 Generalized Lorentz gauge
First, we modify the Lorentz gauge into more general form so that the usual Lorentz
gauge is obtained as a special case. The gauge fixing (GF) term and the associated
Faddeev–Popov (FP) ghost term for the generalized Lorentz gauge (so-called the
Curci–Ferrari gauge [26]) is combined into a compact form with two gauge-fixing
parameters α and α′ (See [26, 74, 75, 27, 76, 28, 29, 77, 78, 79, 80, 66, 81]):
LGF+FP = iδBδ¯B
(
1
2
Aµ ·A µ − α
2
iC · C¯
)
+
α′
2
B ·B, (2.1)
where Aµ,B,C and C¯ are the non-Abelian gauge field, the Nakanishi–Lautrup (NL)
auxiliary field, the Faddeev–Popov (FP) ghost and antighost fields respectively, and
δB and δ¯B are the Becchi–Rouet–Stora–Tyutin (BRST) [82] and anti-BRST transfor-
mations [83]. We use the notation
F ·G := FAGA, F 2 := F · F, (F ×G)A := fABCFBGC , (2.2)
with fABC being the structure constants of the Lie algebra G of the gauge group G
and A,B,C = 1, · · · , N2c − 1 for G = SU(Nc). We adopt the convention in which the
ghost and antighost fields are Hermitian:
C
†(x) = C (x), C¯ †(x) = C¯ (x), (2.3)
and they are independent from each other. The pure Yang–Mills Lagrangian and the
GF+FP term are separately invariant under the BRST and anti-BRST transforma-
tions.
By performing the BRST and anti-BRST transformations explicitly, we obtain
LGF+FP =
α + α′
2
B ·B + B · ∂µA µ − α
2
g(C × iC¯ ) ·B
+ iC¯ · ∂µDµ[A ]C + α
8
g2(C¯ × C¯ ) · (C × C ) (2.4)
=
α + α′
2
B ·B + B · ∂µA µ − α
2
g(C × iC¯ ) ·B
+ iC¯ · ∂µDµ[A ]C + α
4
g2(C × iC¯ ) · (C × iC¯ ). (2.5)
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The GF+FP term includes the ghost self-interaction whose strength is proportional
to the parameter α. In the limit α→ 0, the above GF+FP term reduces to the usual
form of the Lorentz gauge which is found in the most textbooks of quantum field
theory,
LGF+FP =iδBδ¯B
(
1
2
Aµ ·A µ
)
+
α′
2
B ·B (2.6a)
=− iδB
(
C¯ · ∂µAµ
)
+
α′
2
B ·B (2.6b)
=iC¯ · ∂µDµ[A ]C + B · ∂µA µ + α
′
2
B ·B. (2.6c)
The Landau gauge corresponds to α′ = 0 in the usual Lorentz gauge.
For later convenience, we introduce another parameterization of two gauge pa-
rameters:
λ := α + α′, ξ :=
α/2
α+ α′
(
=
α
2λ
)
, (2.7)
to rewrite the GF+FP term into
LGF+FP =
λ
2
B ·B + B · ∂µA µ − λξg(C × iC¯ ) ·B
+ iC¯ · ∂µDµ[A ]C + λξ
4
g2(C¯ × C¯ ) · (C × C ) (2.8)
=
λ
2
B ·B + B · ∂µA µ − λξg(C × iC¯ ) ·B
+ iC¯ · ∂µDµ[A ]C + λξ
2
g2(C × iC¯ ) · (C × iC¯ ). (2.9)
The GF+FP term (2.9) has the reflection symmetry: the Lagrangian is invariant
under the reflection with respect to ξ = 1/2 and the simultaneous exchange between
the ghost and antighost fields, i.e., ξ ↔ 1 − ξ, C ↔ C¯ . Therefore, the Yang–Mills
theory with ξ = 0 GF+FP term is equivalent to that with ξ = 1 GF+FP term. The
ξ = 0 case is usually used in the textbooks of quantum field theory. At ξ = 1/2,
the Lagrangian is invariant under the exchange of ghost and antighost. For ξ = 1/2,
moreover, the GF+FP term has a hidden super symmetry OSp(4|2), see [28]. The
Landau gauge is reached by various limits, e.g., λ→ 0 for ξ = 1/2 (α′ = 0, α→ 0), or
λ → 0 for ξ = 0 (α = 0, α′ → 0) in the usual Lorentz gauge. Therefore, the Landau
gauge can be regarded as a common point for the three invariant subspaces specified
by ξ = 0, 1/2, 1, see Fig. 4 of [66] or Appendix A for more details.
2.2 Modified Maximal Abelian gauge
The GF+FP term in the modified Maximal Abelian (MA) gauge [32] is given by
S ′GF+FP =
∫
d4xiδBδ¯B
[
1
2
Aaµ(x)A
µa(x)− α
2
iCa(x)C¯a(x)
]
, (2.10)
where the respective field ΦA = A A,BA,C A, C¯ A is decomposed into the diagonal Φi
and off-diagonal Φa components (A = 1, · · · , N2c − 1 for SU(Nc) gauge group),
Φ(x) = ΦA(x)TA = Φi(x)T i + Φa(x)T a, (2.11)
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and the index i runs over the Nc − 1 diagonal components corresponding to the
maximal torus group U(1)Nc−1 of the gauge group SU(Nc) and the index a runs
over the remaining N2c − Nc off-diagonal components for SU(Nc)/U(1)Nc−1. The
conventional choices are a = 1, 2; i = 3 for SU(2) and a = 1, 2, 4, 5, 6, 7; i = 3, 8 for
SU(3).
By performing the BRST transformation explicitly, we obtain
S ′GF+FP =
∫
d4x
{
BaDµ[a]
abAµb +
α
2
BaBa
+iC¯aDµ[a]
acDµ[a]cbCb − ig2fadif cbiC¯aCbAµcAdµ
+iC¯aDµ[a]
ac(gf cdbAµdCb) + iC¯agfabi(Dµ[a]bcAcµ)C
i
+
α
8
g2fabef cdeC¯aC¯bCcCd +
α
4
g2fabcfaidC¯bC¯cC iCd +
α
2
gfabciBbCaC¯c
−αgfabiiBaC¯bC i + α
4
g2fabif cdiC¯aC¯bCcCd
}
. (2.12)
In particular, the G = SU(2) case is greatly simplified as
S ′GF+FP =
∫
d4x
{
BaDµ[a]
abAµb +
α
2
BaBa
+iC¯aDµ[a]
acDµ[a]cbCb − ig2ǫadǫcbC¯aCbAµcAdµ
+iC¯agǫab(Dµ[a]
bcAcµ)C
3
−αgǫabiBaC¯bC3 + α
4
g2ǫabǫcdC¯aC¯bCcCd
}
, (2.13)
which reduces after integrating out the NL field Ba to
S ′GF+FP =
∫
d4x
{
− 1
2α
(Dµ[a]
abAµb)2
+iC¯aDµ[a]
acDµ[a]cbCb − ig2ǫadǫcbC¯aCbAµcAdµ
+
α
4
g2ǫabǫcdC¯aC¯bCcCd
}
. (2.14)
In order to completely fix the gauge, we need the GF+FP term also for the
diagonal field. A simple choice is the Lorentz gauge for the diagonal part:
SdiagGF+FP =−
∫
d4x iδB
[
C¯
i
{
∂µAiµ(x) +
β
2
Bi(x)
}]
=Bi∂µaiµ +
β
2
(Bi)2 + iC¯ i∂2C i + iC¯ i∂µ(gf ibcAbµC
c). (2.15)
There are many other choices for the MA gauge. A characteristic feature of the
MA gauge is the explicit breaking of global color symmetry in addition to the local
gauge symmetry and only the global U(1) symmetry remains unbroken after fixing
the residual local U(1) symmetry. For more details of the symmetry in the most
general MA gauge, see [37].
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3 Analyticity, multiplicative renormalizability and
RG equation
In this section we summarize for reader’s convenience the basic ingredients which are
necessary in the following argument, since they are scattered in various references.
3.1 Renormalization transformation and asymptotic behav-
ior
We define the renormalization transformation of the field Φ by multiplying the field
by a finite positive factor ZΦ as
Φ(x, g′2, µ′2, λ′) = Z
1/2
Φ Φ(x, g
2, µ2, λ) (3.1)
where g is the coupling constant, µ the renormalization scale, and λ is the gauge fixing
parameter. Such a transformation is called the equivalent transformation. Two sets
of parameters (g, µ, λ) and (g′, µ′, λ′) are called equivalent parameter set and are
denoted as (g, µ, λ) ∼ (g′, µ′, λ′) if the corresponding field operators are related by
the renormalization transformation (3.1).
We define the effective coupling or invariant charge
Q = Q(k2, g2, µ2) = Q
(
k2
µ2
, g2
)
(3.2)
as a dimensionless invariant of the RG which satisfies
Q(k2, g2, µ2) = g2 at k2 = µ2. (3.3)
Here the invariance under the RG means that the relation
Q(k2, g′2, µ′2) = Q(k2, g2, µ2) (3.4)
holds for equivalent parameter set (g, µ) ∼ (g′, µ′). The effective coupling is usually
defined in terms of time-ordered functions and an explicit example will be given later.
We have required that the effective coupling or invariant charge should not depend
on the gauge parameter λ.
By putting k2 = µ′2 in eq.(3.4), we obtain
Q(µ′2, g′2, µ′2) = Q(µ′2, g2, µ2) = g′2, (3.5)
where we have used eq.(3.3) in the last equality. Then the definition (3.2) implies
g′2 = Q
(
µ′2
µ2
, g2
)
. (3.6)
The propagator D of the field Φ is transformed like
D(k2, g′2, µ′2, λ′) = ZΦD(k
2, g2, µ2, λ). (3.7)
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Moreover, we introduce the dimensionless function, say, the dressed function (or form
factor) R by
R
(
k2
µ2
, g2, λ
)
:= −k2D(k2, g2, µ2, λ). (3.8)
Then R is transformed like
R
(
k2
µ′2
, g′2, λ′
)
= ZΦR
(
k2
µ2
, g2, λ
)
. (3.9)
By putting k2 = µ′2 in this equation, we obtain
R
(
1, g′2, λ′
)
= ZΦR
(
µ′2
µ2
, g2, λ
)
, (3.10)
and hence ZΦ is written as
ZΦ = R
−1
(
µ′2
µ2
, g2, λ
)
R
(
1, g′2, λ′
)
. (3.11)
Thus the transformation (3.9) of R is rewritten into
R
(
µ′2
µ2
, g2, λ
)
R
(
k2
µ′2
, g′2, λ′
)
= R
(
1, g′2, λ′
)
R
(
k2
µ2
, g2, λ
)
. (3.12)
Finally, the gauge parameter transforms like6
λ′ = λ′(g′2, λ) = λZλ, (3.13a)
and in particular, for λ = 0, ξ = 0 or ξ = 1
λ′ = λ′(g′2, λ) = λZA = λR
−1
(
µ′2
µ2
, g2, λ
)
R
(
1, g′2, λ′
)
. (3.13b)
The conventional normalization condition for the propagator:
−k2D(k2, g2, µ2, λ) = 1 at k2 = µ2 < 0 (3.14)
leads to a normalization:
R(1, g2, λ) = 1. (3.15)
Thus, under the conventional normalization condition, the renormalization transfor-
mation of R is given by
R
(
k2
µ2
, g2, λ
)
= R
(
µ′2
µ2
, g2, λ
)
R
(
k2
µ′2
, g′2, λ′
)
, g′2 = Q
(
µ′2
µ2
, g2
)
(3.16)
Here the gauge parameter transforms in particular for λ = 0, ξ = 0 or ξ = 1 like
λ′ = λ′(g′2, λ) = λZA = λR
−1
(
µ′2
µ2
, g2, λ
)
(3.17)
with the normalization
λ′(g2, λ) = λ. (3.18)
6In the conventional Lorentz gauge (corresponding to ξ = 0), it is well known that Zλ = ZA .
However, this is not the case in the generalized Lorentz gauge ξ 6= 0, 1 except for the Landau
gauge λ = 0. In fact, the one-loop calculation [66] in the dimensional regularization leads to
Zλ = ZA + λξ(1 − ξ) (gµ
−ǫ)2
(4π)2
C2(G)
ǫ
where ǫ := 2−D/2.
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3.2 Non-perturbative multiplicative renormalizability and RG
equation
We require the non-perturbative multiplicative renormalizability. By introducing the
renormalization factor ZΦ for the field Φ with the renormalization scale µ and the
ultraviolet cutoff Λ, the bare (unrenormalized) n-point function Γ˜
(n)
0 is related to the
renormalized n-point function Γ˜(n) as
Γ˜
(n)
0 (p1, · · · , pn; Λ2, α0, λ0) = ZΦ(µ2,Λ2)−n/2Γ˜(n)(p1, · · · , pn;µ2, α, λ), (3.19)
where α0 is the bare coupling and α := g
2/4π is the renormalized coupling constant.
The differential form of the renormalization transformation for the Green functions
is the renormalization group (RG) equation. The trivial relation
d
dµ
Γ˜
(n)
0 (p1, · · · , pn; Λ2, α0, λ0) = 0 (3.20)
implies that the renormalized n-point function Γ˜(n) obeys the RG equation:7[
µ
∂
∂µ
+ β(α)
∂
∂α
− 2λγλ(α) ∂
∂λ
− nγΦ(α)
]
Γ˜(n)(p1, · · · , pn;µ2, α, λ) = 0, (3.21)
where we have defined the RG functions by8
β(α) := µ
∂α(µ)
∂µ
, γΦ(α) :=
1
2
µ
∂ lnZΦ(µ)
∂µ
, γλ(α) :=
1
2
µ
∂ lnZλ(µ)
∂µ
. (3.25)
It is shown [84] that the general solution of the RG equation (3.21) is given by
Γ˜(n)(sp1, · · · , spn;µ2, α, λ)
= s4−n exp
[
−n
∫ t
0
dt′γΦ(α¯(t
′))
]
Γ˜(n)(p1, · · · , pn;µ2, α¯(t), λ¯(t))
= s4−n exp
[
−n
∫ α¯
α
dα′
γΦ(α
′)
β(α′)
]
Γ˜(n)(p1, · · · , pn;µ2, α¯(t), λ¯(t)), (3.26)
t :=
∫ α¯(t)
α
dλ
β(λ)
= ln s, (3.27)
7For the generalized Lorentz gauge, we assume ξ is fixed. In fact, this is possible for ξ = 0, 1/2, 1,
since the relevant Lagrangian has distinct global symmetry and the RG flows are restricted into the
subspace specified by ξ = 0, 1/2, 1 respectively, see [66].
8The renormalization relation gR = Z
−1
g g implies the mutual relationship:
β(g)
g
=
1
g
µ
∂g
∂µ
=
1
2g2
µ
∂g2
∂µ
=
β(α)
2α
= µ
∂ ln g
∂µ
= −µ∂ lnZg
∂µ
. (3.22)
Therefore, the β function can be calculated by differentiating Zg by µ.
β(g) = −gµ∂ lnZg
∂µ
, β(α) = −2αµ∂ lnZg
∂µ
. (3.23)
Here we have used the relation λ = λ0Z
−1
λ to yield
µ
∂λ
∂µ
= λµ
∂ lnλ
∂µ
= λµ
∂ lnλ0Z
−1
λ
∂µ
= −λµ∂ lnZλ
∂µ
= −2λγλ. (3.24)
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where we have taken into account the fact that dim[Γ˜(n)] = 4− n for the field Φ with
dim[Φ] = 1, and α¯(t) and λ¯(t) are the running coupling constant and the running
gauge parameter.
In particular, the unrenormalized (transverse) gluon and ghost form factors F0, G0
are related to the renormalized ones FR, GR as
F0(p
2,Λ2, α0, λ0) =Z3(µ
2,Λ2)FR(p
2, µ2, α, λ), (3.28)
G0(p
2,Λ2, α0, λ0) =Z˜3(µ
2,Λ2)GR(p
2, µ2, α, λ). (3.29)
The renormalized form factor FR obey the RG equation:[
µ
∂
∂µ
+ β(g2)
∂
∂g2
− 2λγλ(g2) ∂
∂λ
+ 2γA (g
2)
]
FR
(
p2, µ2, g2, λ
)
= 0. (3.30)
The general solution is given by
FR(sp
2, µ2, α, λ) = exp
[
2
∫ α¯
α
dα′
γA (α
′)
β(α′)
]
FR(p
2;µ2, α¯(t), λ¯(t)). (3.31)
In addition, for the general form of the full gluon propagator given by
Dµν(p) =
F (p2)
p2
(
gµν − pµpν
p2
)
+ λ
FL(p2)
p2
pµpν
p2
, (3.32)
the unrenormalized longitudinal gluon form factor FL0 is related to the renormalized
one FLR as
FL0 (p
2,Λ2, α0, λ0) =Z
−1
λ (µ
2,Λ2)Z3(µ
2,Λ2)FLR (p
2, µ2, α, λ). (3.33)
The renormalized longitudinal form factor FLR obeys the RG equation:[
µ
∂
∂µ
+ β(g2)
∂
∂g2
− 2λγλ(g2) ∂
∂λ
+ 2γA (g
2)− 2γλ(g2)
]
FLR
(
p2, µ2, g2, λ
)
= 0. (3.34)
The general solution is given by
FLR (sp
2, µ2, α, λ) = exp
[
2
∫ α¯
α
dα′
γA (α
′)− γλ(α′)
β(α′)
]
FLR (p
2;µ2, α¯(t), λ¯(t)). (3.35)
In the conventional Lorentz gauge, γA (α) = γλ(α) and the longitudinal form factor
of the gluon does not run, i.e., FLR (p
2, µ2, α, λ) is a p2-independent constant, as is well
known. This is not the case in the generalized Lorentz gauge.
It is well known that the Yang–Mills theory is multiplicatively renormalizable at
least in the perturbation theory. The RG functions can be reliably calculated by
perturbation theory in the UV region by virtue of asymptotic freedom
β(α) = − β0
2π
α2 + · · · , γΦ(α) = −γ
Φ
0
4π
α + · · · . (3.36)
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Therefore, the Yang–Mills theory has an UV fixed point at α = 0. The UV asymptotic
form of the n-point function is given by
Γ˜(n)(sp1, · · · , spn;µ2, α, λ)
= s4−n
(
α¯(t)
α(1)
)−n
2
γΦ
0
β0
Γ˜(n)(p1, · · · , pn;µ2, α¯(t), λ¯(t)). (3.37)
Thus the UV behavior of the propagator (p2 →∞) is given by
G
(2)
Φ (p) ∼
1
p2
(
α¯(p)
α(µ)
) γΦ0
β0
, (3.38)
for the running coupling constant
α¯(p) ∼
(
β0
4π
ln
p2
Λ2QCD
)−1
. (3.39)
3.3 Renormalization group on the complex plane
The equation (3.12) or (3.21) is valid also for complex k2. Then the functions D and
R satisfy the same RG equation:[
µ
∂
∂µ
+ β(g2)
∂
∂g2
− 2λγλ(g2) ∂
∂λ
+ 2γA (g
2)
]
R
(
k2
µ2
, g2, λ
)
= 0, (3.40)
with the same coefficients, i.e., RG functions as those of (3.21) at every point k2 of
the cut k2 plane (i.e., complex k2 plane except for the positive real axis).
We consider the propagator along the ray in the cut k2 plane (See Figure 2):
k2 = −|k2|eiϕ = |k2|ei(π+ϕ), −π < ϕ < π, (3.41)
where the angle ϕ is measured from the negative real axis k2 < 0 in the direction
indicated by the arrow in Figure 2. Setting µ′2 = −|k2|, the relation (3.12) yields
R
(
k2
µ2
, g2, λ
)
= R
(−|k2|
µ2
, g2, λ
)
R
(
k2
−|k2| , g¯
2, λ¯
)
R−1
(
1, g¯2, λ¯
)
, g¯2 = Q
(−|k2|
µ2
, g2
)
,
(3.42)
which is rewritten as
R
(
k2
µ2
, g2, λ
)
= R
( |k2|
|µ2| , g
2, λ
)
R
(
eiϕ, Q, λ¯
)
R−1
(
1, g¯2, λ¯
)
, g¯2 = Q = Q
( |k2|
|µ2| , g
2
)
.
(3.43)
In addition, the gauge parameter is transformed in particular for λ = 0, ξ = 0 or
ξ = 1 as
λ¯ = λR−1
( |k2|
|µ2| , g
2, λ
)
R
(
1, g¯2, λ¯
)
. (3.44)
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0Figure 2: The ray with angle ϕ measured from the negative real axis k2 < 0 on the
complex k2 plane with singularities on the positive real axis.
Using the asymptotic behavior of the structure function for g2 → +0
R(k2, g2, µ2, λ) = R
(
k2
µ2
, g2, λ
)
∼= 1 + γΦ0 (λ)g2 ln
k2
µ2
+O(g4), (3.45)
and the continuation,
R
(
eiϕ,Q, λ¯
) ∼= 1 + γΦ0 (λ¯)g¯2iϕ +O(g¯4), (3.46)
we obtain
lim
|k2|→∞
R
(
eiϕ,Q, λ¯
)
= lim
Q→0
R
(
eiϕ,Q, λ¯
)
= 1. (3.47)
Now, it is important to recall the asymptotic formula in Euclidean region k2 < 0
which is obtained from the general solution of the RG equation (3.40):
R
(
k2
µ2
, g2, λ
)
= R(1,Q, λ¯) exp
[
2
∫ Q
g2
dx
γΦ(x)
β(x)
]
∼= CΦ(λ)
(
ln
k2
µ2
)−γΦ0 (λ)/β0
, (3.48)
CΦ(λ) = (g
2|β0|)−γΦ0 (λ)/β0 exp
[∫ 0
g2
dxτΦ(x)
]
> 0. (3.49)
In the conventional normalization R(1,Q, λ¯) = 1. In other cases, the leading be-
havior of the coefficient R(1,Q, λ¯) for g2 → +0 or u := k2/µ2 → ∞ is determined
by the asymptotic form of R(1, g2, λ) for small g. The behavior of the exponen-
tial factor follows from the behavior of Q and the ratio γΦ/β. Here the integrand
γΦ(x)/β(x) is not integrable at x = 0 in QCD and therefore the singular part is sep-
arated γΦ(x)/β(x) = γ
Φ
0 /β0x
−1 + τΦ(x) with τΦ(x) being the remainder integrable at
x = 0. The coefficient CΦ is positive. See Appendix A.
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Thus we find the asymptotic form for |k2| → ∞ along the ray (3.41):
R(k2, g2, µ2, λ) ∼=Ras(k2, g2, µ2, λ) = CΦ(λ)
(
ln
|k2|
|µ2|
)−γΦ0 (λ)/β0
, (3.50)
D(k2, g2, µ2, λ) ∼=Das(k2, g2, µ2, λ) = −CΦ(λ)k−2
(
ln
|k2|
|µ2|
)−γΦ0 (λ)/β0
, (3.51)
CΦ(λ) =(g
2|β0|)−γΦ0 (λ)/β0 exp
[∫ 0
g2
dxτ(x)
]
> 0. (3.52)
3.4 Analyticity
Figure 3: An integration contour C on the complex k2 plane with singularities on the
positive real axis.
If the analytic function f(z) vanishes along any ray in the cut complex plane as
|z| → ∞, then it has the dispersion relation as follows.
Suppose that the complex function f(z) is analytic in the whole complex z := k2
plane except for the positive real axis z > 0. Then we choose a closed loop C in the
complex k2 plane such that the complex function f(z) is analytic inside and on the
closed loop C as in Figure 3. For a reference point k2 inside C, the Cauchy integral
formula tells us that for the closed contour C of integration
f(k2) =
1
2πi
∮
C
dz
f(z)
z − k2 (3.53)
=
1
2πi
∫ R
0
dz
f(z + iǫ)− f(z − iǫ)
z − k2 +
1
2πi
∮
|z|=R
dz
f(z)
z − k2 , (3.54)
where we have separated the integral into two pieces; one is the contribution from
the paths above and below the positive real axis; the other is the contribution to the
integral over the circle of radius R.
First, making use of the fact that f(k2) is real for k2 < smin (at least for the space-
like region k2 < 0), we can use the Schwartz reflection principle f(z− iǫ) = f ∗(z+ iǫ)
for Rez > smin and hence f(z+ iǫ)−f(z−iǫ) = f(z+ iǫ)−f ∗(z+ iǫ) = 2iImf(z+ iǫ).
Thus the first term in RHS of (3.54) picks up the discontinuity (the imaginary part) of
the f(z) function along the positive real axis. Next, the circle |z| = R is parameterized
as z = Reiθ:
f(k2) =
1
π
∫ R
0
dz
Imf(z + iǫ)
z − k2 +
∫ 2π
0
dθ
2π
Reiθf(Reiθ)
Reiθ − k2 . (3.55)
The second term in RHS of this equation has the upper bound∣∣∣∣
∫ 2π
0
dθ
2π
Reiθf(Reiθ)
Reiθ − k2
∣∣∣∣ ≤
∫ 2π
0
dθ
2π
R|f(Reiθ)|
|Reiθ − k2| ≤ max0<θ<2π|f(Re
iθ)| R
R− |k2| . (3.56)
Now we wish to put the radius R of the circle to infinity. Thus, if |f(z)| → 0 as
|z| → ∞, then the second term has no contribution as R → ∞ and we have the
dispersion relation:9
f(k2) =
1
π
∫ ∞
0
dz
Imf(z + iǫ)
z − k2 . (3.57)
This is also written as
f(k2) =
∫ ∞
0
ds
ρ(s)
s− k2 , ρ(s) :=
1
π
Imf(s+ i0), (3.58)
where k2 is an arbitrary point in the complex plane except for the positive real axis.
Note that f(z) need not to go to zero in the power-like, i.e., f(z) ∼ 1/|z|ε(ε > 0) as
is usually assumed. In fact, a weaker decay f(z) ∼ (log |z|)−ε(ε > 0) is also allowed.
Incidentally, since the Cauchy integral formula is generalized as
f (n)(k2) =
n!
2πi
∮
C
dz
f(z)
(z − k2)n+1 , (3.59)
the similar argument as above leads to
f (n)(k2) = n!
∫ ∞
0
ds
ρ(s)
(s− k2)n+1 . (3.60)
Note that the dispersion relations (3.57) or (3.58) is derived from
i) the analyticity of f(z) except for the positive real axis,
ii) the asymptotic vanishing of f(z) as |z| → ∞,
iii) the real-valuedness of f(z) on the real axis z < smin (at least for the negative
real axis).
In the next section, we equate the dispersion relation with the spectral representation
to extract the information on the spectrum using the asymptotic behavior of the
propagator and the dressed functions.
9In general, the boundary value of the analytic function is defined as the Sato hyperfunction,
which is an extension of the Schwartz distribution. In applying this relation to the propagator and
the form factor later, we require the positivity in Euclidean region, i.e, on the negative real axis of
the complex k2 plane. Then they become a positive measure and can not be a distribution.
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3.5 Minkowski region
In general, the propagators are tempered distributions in the Minkowski region k2 > 0.
However, if distribution-type singularities are present only below a finite momentum
value K, the propagators may be treated as ordinary functions for k2 > K2 [46]. In
this case, therefore, the asymptotic formulas derived above are also applied to the
large Minkowski momenta with ϕ = ±π.
If the distribution-type singularities occur for arbitrarily large momenta, the
asymptotic behavior of the propagators should be studied in terms of the average
values which are obtained by smearing with suitable test functions. It is shown [46]
that the averaged gluon propagator in the Minkowski region has again the same
asymptotic form as given above, independent of the chosen test function.
The asymptotic behavior for the weight function of the spectral representation is
derived as follows. The weight function has the expression:
πρ(k2) = ImD(k2 + iǫ) = −k−2ImR(k2 + iǫ), k2 > 0, (3.61)
where we have used the result of the manipulation: Im[R(k2 + iǫ)] = −Im[(k2 +
iǫ)D(k2 + iǫ)] = −k2ImD(k2 + iǫ) − ǫReD(k2 + iǫ). Setting µ′2 = −k2 in (3.12), we
have
R
(
k2
µ2
, g2, λ
)
= R
(
k2
|µ2| , g
2, λ
)
R
(
−1, g¯2, λ¯
)
R−1
(
1, g¯2, λ¯
)
, g¯2 = Q
(
k2
|µ2| , g
2
)
,
(3.62)
which leads to the imaginary part for µ2 < 0
πρ(k2) = −k−2ImR(k2 + iǫ) = −k−2R
(
k2
|µ2| , g
2, λ
)
ImR
(
−1, g¯2, λ¯
)
R−1
(
1, g¯2, λ¯
)
,
(3.63)
where R
(
k2
|µ2|
, g2, λ
)
and R
(
1, g¯2, λ¯
)
are real for k2 > 0. From (3.46), we obtain
ImR
(
−1,Q, λ¯
)
= πγΦ0 (λ¯)Q+Q2h, (3.64)
with the remainder h vanishing for Q → 0. It is shown by one-loop resumed pertur-
bation theory that
Q ∼= 4π|β−10 |
(
ln
k2
|µ2|
)−1
. (3.65)
Thus we obtain the asymptotic form
ρ(k2, g2, µ2, λ) ∼=ρas(k2, g2, µ2, λ) as k2 →∞, (3.66)
ρas(k
2, g2, µ2, λ) =− (k2)−1γΦ0 (λ)QRas
(
k2
|µ2| , g
2, λ
)
(3.67)
=− 4π(k2)−1γΦ0 (λ)|β−10 |CΦ(λ)
(
ln
k2
|µ2|
)−γΦ0 (λ)/β0−1
, (3.68)
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where it is important to remember that the anomalous dimension γΦ is gauge depen-
dent and so is the asymptotic form.
If the weight function has distribution-type singularities at arbitrarily large mo-
menta, we consider the asymptotic behavior of the average values. Consequently, the
same asymptotic behavior is obtained [46].
It should be remarked that the sign of the asymptotic discontinuity ρas is deter-
mined by the ratio γ0/β0, i.e., the sign of ρ is the opposite of γ0/β0. It is negative for
γ0/β0 > 0.
4 Naive derivation of superconvergence relation
Now we can derive the superconvergence relations in the generalized Lorentz gauge.
Our results reproduce the well-known superconvergence relation in the conventional
Lorentz gauge. The details of calculations are given in Appendix A.
4.1 Gluon
For γA0 /β0 > 0, the renormalized gluon structure function DT has the property that
the complex function defined by
DT (k
2, µ2, g2R, λR) +
λ/λ∗
k2
(4.1)
vanishes faster than (k2)−1, indeed it behaves like (k2)−1CA
(
ln |k
2|
|µ2|
)−γA0 /β0
for large
|k2| in all directions of the complex k2 plane. For γA0 /β0 > 0, moreover, the renormal-
ized dressed function R = −k2DT has the property that the complex function defined
by
R(k2, µ2, g2R, λR)−
λ
λ∗
(4.2)
vanishes like CA
(
ln |k
2|
|µ2|
)−γA0 /β0 → 0 as |k2| → ∞, in all directions of the complex k2
plane. By applying the formula (3.57) to the function (4.1), therefore, we can write
an unsubtracted dispersion relation
DT (k
2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2 − k2 , (4.3)
where we have used a mathematical identity:
1
p2 + iǫ
= P
1
p2
− iπδ(p2). (4.4)
In the similar way, the formula (3.57) applied to the function (4.2) yields
R(k2, µ2, g2R, λR) =
λ
λ∗
−
∫ ∞
0
dp2
p2ρ(p2, µ2, g2R, λR)
p2 − k2 . (4.5)
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Therefore there are two alternative forms for the spectral representation for D:
DT (k
2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2 − k2 = −
λ/λ∗
k2
+
1
k2
∫ ∞
0
dp2
p2ρ(p2, µ2, g2R, λR)
p2 − k2 .
(4.6)
This is possible if and only if the relation
0 =
1
k2
[∫ ∞
0
dp2ρ(p2, µ2, g2R, λR)−
λ
λ∗
]
(4.7)
is satisfied for arbitrary k2. For γA0 /β0 > 0, thus, we have the superconvergence
relation in the generalized Lorentz gauge with an initial gauge-fixing parameter λ:∫ ∞
0
dk2ρ(k2, µ2, gR, λR) =
λ
λ∗
. (4.8)
This relation reduces to the well-known superconvergence relation in the Landau
gauge ∫ ∞
0
dk2ρ(k2, µ2, gR, 0) = 0. (4.9)
Here λ∗ depends on ξ in the generalized Lorentz gauge: λ∗ = 13/3 in the conventional
Lorentz gauge ξ = 0 and λ∗ =
13
3
1
1−ξ
for ξ < 1/2, = 13
3
1
ξ
for ξ > 1/2, see section V
of [66] and Appendix A.
Irrespective of the gauge parameter, therefore, the gluon form factor vanishes in
the IR limit due to superconvergence relation (4.8):
R(0, µ2, g2R, λR) =
λ
λ∗
−
∫ ∞
−0
dp2ρ(p2, µ2, g2R, λR) = 0, (4.10)
and hence the gluon propagator and the form factor has the gauge-parameter inde-
pendent IR behavior for the small momenta:
F (Q2, µ2, g2R, λR) = O(Q
2), D(Q2, µ2, g2R, λR) = const. +O(Q
2). (4.11)
These behavior are independent from the gauge parameter.
4.2 Ghost
However, the situation is quite different for the ghost. We can repeat the same steps
as in the gluon case. Then we obtain the following results which agree with those
of [56] obtained in the conventional Landau gauge. In the arbitrary gauge, the ghost
has an unsubtracted dispersion relation for the renormalized ghost propagator ∆FP :
∆FP (k
2, µ2, g2R, 0) =
∫ ∞
0
dp2
ρFP (p
2, µ2, g2R, 0)
p2 − k2 . (4.12)
However, the form factor GFP := −k2∆FP has an unsubtracted dispersion relation
only in the Landau gauge λ = 0.
GFP (k
2, µ2, g2R, 0) =−
∫ ∞
−0
dp2
p2ρFP (p
2, µ2, g2R, 0)
p2 − k2 . (4.13)
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Hence, the superconvergence relation for the ghost holds only in the Landau gauge
λ = 0
0 =
∫ ∞
0
dk2ρFP (k
2, µ2, g2R, 0). (4.14)
For λ 6= 0, however, the superconvergence relation does not hold, since the unsub-
tracted dispersion relation exists only for the propagator, not for the form factor:
∆FP (k
2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρFP (p
2, µ2, g2R, λR)
p2 − k2 = −
1
k2
GFP (k
2, µ2, g2R, λR). (4.15)
If this result is true, then the superconvergence for the ghost holds only in the Landau
gauge, in sharp contrast with the gluon case. There is a subtle point which may
invalidate the above derivation. We reconsider the ghost in the next section.
5 Superconvergence relation and spectrum
In this section, we combine the superconvergence relation with the spectral represen-
tation to discuss the spectrum of the Yang–Mills theory.
5.1 Spectral representation
From the assumptions: 1) Poincare´ group structure (representation), 2) spectral con-
dition, 3) completeness condition, the spectral representation (Umezawa–Kamefuchi–
Ka¨llen–Lehmann representation) [85] for the gluon two-point function follows:
DT (k
2) =
∫ ∞
0
dσ2ρ(σ2)
1
σ2 − k2 − iǫ , (5.1)
where ρ(σ2) is the spectral function. Due to a mathematical identity
1
x− iǫ = P
1
x
+ iπδ(x), (5.2)
the spectral representation (5.1) of the propagator DT (k
2) = ReDT (k
2)+ iImDT (k
2)
is decomposed into two parts:
ImDT (k
2) = πρ(k2), (5.3)
and
ReDT (k
2) =
∫ ∞
0
dσ2ρ(σ2)P
1
σ2 − k2 . (5.4)
Thus we obtain the same relation as the dispersion relation:
ReDT (k
2) = P
∫ ∞
0
dσ2ρ(σ2)
1
σ2 − k2 , ρ(p
2) =
1
π
ImDT (p
2). (5.5)
However, it should be remarked that we have not used the analyticity for deriving
this representation.
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If the state space has positive definite inner product, the spectral function must
be non-negative:
ρ(p2) ≥ 0. (5.6)
In the state space with the indefinite inner product, the complete set {|n〉} can not
be spanned by the eigenstates of P µ alone in general and the metric
〈n|n′〉 = ηnn′ (5.7)
can not be diagonalized, and the completeness condition must be replaced by
1 =
∑
n,n′
|n〉η−1nn′〈n′|. (5.8)
In Yang–Mills theory, fortunately, all |n〉 can be taken to be eigenstates of P µ and
the metric can be diagonalized into the form ηnn′ = ±1. In this case, the positivity of
the spectral function does not hold, since both positive and negative terms contribute
to the sum defining the spectral function. This fact plays the important role in the
superconvergence relation in Yang–Mills theory.
5.2 IR behavior of the renormalized gluon propagator in Eu-
clidean region
The spectral representation of the renormalized gluon structure function reads
DT (k
2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2 − k2 , (5.9)
ρ(p2, µ2, g2R, λR) =π
−1ImDT (k
2 + iǫ, µ2, g2R, λR). (5.10)
The renormalized version of ρ is a function of p2, µ, gR, λR where µ is the renormaliza-
tion point. Note that this representation holds for arbitrary point k2 in the complex
k2 plane except for the positive real axis k2 > 0. It was shown that the gluon structure
function has the superconvergence relation:∫ ∞
0
dp2ρ(p2, µ2, g2R, λR) =
λ
λ∗
, (5.11)
in the parameter region satisfying γA0 /β0 > 0. In this paper we consider only the case
β0 < 0 in pure Yang-Mills theory corresponding to asymptotic freedom. Defining the
dimensionless dressed function R by
R(k2) := −k2DT (k2), (5.12)
we can write the dispersion and spectral representation of the dressed function:
R(k2, µ2, g2R, λR) =
λ
λ∗
−
∫ ∞
0
dp2
p2ρ(p2, µ2, g2R, λR)
p2 − k2 . (5.13)
Putting the reference point k2 on the Euclidean region, i.e., Q2 = −k2 > 0, the
gluon structure function has the representation:
DT (−Q2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2 +Q2
. (5.14)
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In fact, DT is not singular in the Euclidean region Q
2 > 0. Defining the dimensionless
gluon form factor F by
F (Q2) := R(−Q2) = Q2DT (−Q2), (5.15)
we can write the dispersion and spectral representation of the form factor in the
Euclidean region Q2 = −k2 > 0:
F (Q2, µ2, g2R, λR) =
λ
λ∗
−
∫ ∞
0
dp2
p2ρ(p2, µ2, g2R, λR)
p2 +Q2
. (5.16)
Confinement is considered to be a strong coupling problem and to be related to the
IR region. Therefore, we focus on the IR behavior of the gluon form factor. We find
that the gluon form factor vanishes in the IR limit of the Euclidean region Q2 → +0:
F (Q2 = 0, µ2, g2R, λR) =
λ
λ∗
−
∫ ∞
0
dp2ρ(p2, µ2, g2R, λR) = 0, (5.17)
due to the superconvergence relation (5.11). Moreover, the spectral representation
has the formal power series for small Q2,
F (Q2, µ2, g2R, λR) =
∞∑
n=1
(−1)n+1(Q2)n
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)n
=Q2
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2
− (Q2)2
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)2
+O(Q6),
(5.18)
while the gluon structure function has the IR behavior
DT (−Q2, µ2, g2R, λR) =
∞∑
n=0
(−1)n(Q2)n
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)n+1
=
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2
−Q2
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)2
+O(Q4).
(5.19)
In the Euclidean IR limit Q2 ↓ 0, the gluon structure function converges to a constant:
DT (0, µ
2, g2R, λR) =
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2
, (5.20)
provided that all the integrals are convergent. If this constant is non-vanishing and
finite, we have κ = 1/2.
It is expected that each integral appearing in the coefficient of the power series
(5.18) and (5.19) is positive and the series is alternating. In particular, the constant
DT (0) (5.20) is considered to be positive. The integral is convergent for large p
2 due
to the asymptotic form (3.68). For large p2, the integrand ρ/p2 is small and negative,
while it is large positive for small p2 and it does not diverge due to the existence of
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mass gap. Therefore, the total integration is expected to be positive. This conclusion
is a gauge independent result, i.e., independent of the choice of gauge parameter. 10
If the constant (5.20) happens to vanish,
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
p2
= 0, (5.21)
then the κ = 1 case occurs,
F (Q2, µ2, g2R, λR) = −(Q2)2
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)2
+O((Q2)3), (5.22)
and
DT (−Q2, µ2, g2R, λR) = −Q2
∫ ∞
0
dp2
ρ(p2, µ2, g2R, λR)
(p2)2
+O((Q2)2). (5.23)
At first sight, this case is similar to the Gribov case. However, there is a crucial
difference and this case is unlikely to be realized as argued in the next subsection.
The above arguments hold as far as the IR divergence does not occur. In other
words, the integrals for the spectral function are assumed to be finite. This issue is
discussed below.
5.3 Moments of spectral function and mass gap
Now we consider the implication of the above result to the spectrum. To this end,
we consider the moments of the spectral function:
∫ R
ǫ
dssℓρ(s) (ℓ = 0,±1,±2, · · · ). (5.24)
This integral is convergent for large R, if ℓ ≤ 1 due to the asymptotic form (3.68) of
ρ(s) for large s = k2. Here any negative value of ℓ is allowed. In what follows, we
pay attention to the convergence for the limit ǫ→ 0.
To obtain the moment, we apply the Cauchy theorem to the function f(z) which is
analytic inside and on the contour C in the complex q2 plane shown in Fig. 4 avoiding
the positive real axis and the origin. Then the function zℓf(z) satisfies
1
2πi
∮
C
dz zℓf(z) = 0. (5.25)
Here we separate this integral into three pieces; one is the contribution from the
paths above and below the positive real axis [ǫ, R] which pick up the discontinuity
(the imaginary part) of the function f(z) along the positive real axis; the others are
10Now we consider the implication of the above result to the spectrum. If the gluon spectral
function has a massless pole and the single particle contribution is explicitly separated as ρ(p2) =
Zδ(p2) + · · · , then DT (0) given by (5.20) diverges. Therefore, finiteness of the renormalized gluon
propagator at Q2 = 0 excludes the massless gluon pole, suggesting the existence of mass gap. In
this case, all the coefficients of the power series in Q2 are finite due to the asymptotic form (3.68)
of ρ for large p2. Consequently, the IR power series expansions (5.18) and (5.19) are well-defined.
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Figure 4: The integration contour C to which the Cauchy theorem is applied on the
complex k2 plane with singularities on the positive real axis.
the contribution to the integral over the circle of radius R≫ 1 and the contribution
to the integral over the circle of radius ǫ≪ 1. Hence (5.25) is decomposed as
∫ R
ǫ
ds sℓ
1
π
Imf(s+ i0) =
1
2πi
∮
|z|=ǫ
dz zℓf(z)− 1
2πi
∮
|z|=R
dz zℓf(z) (5.26)
=
∫ 2π
0
dθ
2π
ǫ1+ℓei(1+ℓ)θf(ǫeiθ)−
∫ 2π
0
dθ
2π
R1+ℓei(1+ℓ)θf(Reiθ).
(5.27)
For ℓ = −1, we apply (5.27) to the gluon structure function f = DT :
∫ R
ǫ
ds s−1
1
π
ImDT (s+ i0) =
∫ 2π
0
dθ
2π
DT (ǫe
iθ)−
∫ 2π
0
dθ
2π
DT (Re
iθ). (5.28)
In the region where the superconvergence relation holds, DT (z) vanishes in the limit
|z| = R→∞. In the limit R→∞ and ǫ→ 0, therefore, (5.28) reduces to
∫ ∞
0
ds s−1ρ(s) ≡
∫ ∞
0
ds s−1
1
π
ImDT (s+ i0) =
∫ 2π
0
dθ
2π
DT (0) = DT (0), (5.29)
where limǫ→0DT (ǫe
iθ) has a common value in the limit of approaching the origin
|k2| = ǫ → 0 along the ray k2 = |k2|eiθ(0 < θ < 2π) except for the positive real axis
θ = 0. This result (5.29) is consistent with the previous result (5.20).
The finite DT (0) is consistent with the spectral function with a massive pole (at
p2 = M2):
ρ(s) = Zδ(s−M2) + ρ˜(s), (5.30)
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where ρ˜(s) is the contribution of the continuous spectrum from more than two particle
states, namely, ρ(s) has no support for s < M2 (existence of the lower gap). This is
because the finiteness of the IR limit DT (0) denoted by the expression
DT (0) =
∫ ∞
0
ds s−1ρ(s) =
Z
M2
+
∫ ∞
0
ds s−1ρ˜(s) (5.31)
is interpreted as indicating the existence of a massive pole (M 6= 0), provided that
Z 6= 0. 11 In this sense, the finiteness of DT (0) excludes the massless gluon pole:
ρ(s) = Zδ(s) + ρ˜(s). (5.32)
The same argument holds for other moments of the spectral function appearing in
the power-series expansions (5.18) and (5.19). Thus, we have shown that, for gluon
with massive spectrum (5.30), then the power-series expansions (5.18) and (5.19) for
the gluon propagator and the form factor could be well-defined for small Euclidean
momenta Q2.
Note that 0 < DT (0) < ∞ corresponds to κ = 1/2. This value for the IR
exponent κ seems to be supported by recent Monte Carlo simulations on a lattice [69].
Quite recently, Bloch has proposed a truncation scheme respecting multiplicative
renormalizability of the coupled Schwinger–Dyson equations for the gluon and ghost
propagators by including all the diagrams [23] to obtain the approximate solutions
with the IR critical exponent κ = 1/2.
However, ρ(s) is not necessarily positive for s > 0. Therefore, a situation of
vanishing DT (0):
∫∞
0 ds s
−1ρ(s) = DT (0) = 0 happens to occur in principle. If
this is the case, we must consider the next-to-leading term and then κ = 1 will be
realized (the apparent Gribov limit). However, we argue that DT (0) = 0 is unlikely
to be realized based on the general properties of the spectral function. In fact, the
structure function predicted by Gribov has the complex conjugate pair of poles
DT (Q
2) =
Q2
Q4 +M4G
=
1
2
(
1
Q2 + iM2G
+
1
Q2 − iM2G
)
. (5.33)
This is incompatible with the dispersion relation (5.14) which requires the analyticity
in the cut complex plane.
5.4 IR behavior of the renormalized ghost propagator in Eu-
clidean region
For the Euclidean momenta Q, the ghost propagator has the spectral representation
∆FP (Q
2, µ2, g2R, λR) =
∫ ∞
0
dp2
ρFP (p
2, µ2, g2R, λR)
p2 +Q2
=
1
Q2
GFP (Q
2, µ2, g2R, λR). (5.34)
11It is possible to consider the absence of one-particle pole Z = 0, i.e., ρ(s) = ρ˜(s) in Minkowski
region. However, we suppose that the asymptotic fields exist, even if the corresponding quanta
can not be observed (i.e., they are confined). Only in this formulation, we can adopt a sufficient
condition for color confinement due to Kugo and Ojima. Therefore, we restrict our consideration to
the case in which this framework works.
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The propagator is not singular in Euclidean region Q2 > 0. Hence we consider the IR
limit Q2 ↓ 0. We see that the contribution from large p2 to the integral is convergent
due to the asymptotic form of the spectral function derived in Appendix A. For
ghost without the superconvergence relation, the IR limit of the ghost propagator is
expected to be
∆FP (Q
2 ↓ 0, µ2, g2R, λR) =
∫ ∞
0
dp2
ρFP (p
2, µ2, g2R, λR)
p2
=∞. (5.35)
If (5.35) was finite, the ghost form factor had the similar form as the gluon case and
the ghost form factor vanished in the IR limit:
GFP (Q
2, µ2, g2R, λR) = Q
2
∫ ∞
0
dp2
ρFP (p
2, µ2, g2R, λR)
p2
+O(Q4)→ 0 as Q2 → 0.
(5.36)
Eq. (5.35) suggests that the ghost propagator can not have the power-series expansion
in Q2 around Q2 = 0 in the Euclidean region. For the situation (5.35) to be realized,
the ghost can not have the spectral function of massive type. This result does not
contradict with the consideration based on the RG equation given below and the
approximate solutions of the truncated coupled SD equations.
If the ghost has the massless spectrum of the usual type:
ρFP (p
2, µ2, g2R, λR) = ZFP δ(p
2) + ρ˜FP (p
2), (5.37)
with ZFP 6= 0, then the ghost propagator reads
∆FP (Q
2, µ2, g2R, λR) =
ZFP
Q2
+
∫ ∞
0
dp2
ρ˜FP (p
2, µ2, g2R, λR)
p2 +Q2
=
1
Q2
GFP (Q
2, µ2, g2R, λR).
(5.38)
This again contradicts with the consideration based on the RG equation below.
Thus we reconsider the derivation of the dispersion relation given above. If the
spectral function ρ has singularities accumulating toward the origin p2 = 0, we must
replace an integration contour in Figure 3 by a new contour in Figure 4 to avoid the
origin. For a reference point k2 inside a new contour C, the Cauchy integral formula
yields
f(k2) =
1
2πi
∮
C
dz
f(z)
z − k2 (5.39)
=
1
2πi
∫ R
0
dz
f(z + iǫ)− f(z − iǫ)
z − k2
+
1
2πi
∮
|z|=R
dz
f(z)
z − k2 −
1
2πi
∮
|z|=ǫ
dz
f(z)
z − k2 . (5.40)
The similar argument leads to
f(k2) =
1
π
∫ R
0
dz
Imf(z + iǫ)
z − k2 +
∫ 2π
0
dθ
2π
Reiθf(Reiθ)
Reiθ − k2 −
∫ 2π
0
dθ
2π
ǫeiθf(ǫeiθ)
ǫeiθ − k2 . (5.41)
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The second term vanishes for the function f(z) which vanishes asymptotically as
|z| → ∞ and hence
f(k2) =
1
π
∫ R
0
dz
Imf(z + iǫ)
z − k2 +
∫ 2π
0
dθ
2π
ǫeiθf(ǫeiθ)
k2 − ǫeiθ . (5.42)
The effect of the last term is classified into three cases.
i) In the limit ǫ→ 0, the last term vanishes for the bounded function f(z) which
is regular in the limit z → 0 (massive case). Therefore, the above conclusion for the
gluon with massive spectrum also holds for a new choice of the integration contour.
This is an undesirable result. Therefore, we allow f(z) to be singular in the limit
z → 0. For concreteness, we examine the asymptotic form f(z) ∼ Czβ−1 for |z| ≪ 1.
Nevertheless, vanishing of the last term also follows for the function which becomes
singular in such a way that f(z) ∼ Czβ−1 with positive real β > 0. This is also the
case for a negative integer β, since for sufficiently small ǫ
∫ 2π
0
dθ
2π
ǫeiθf(ǫeiθ)
k2 − ǫeiθ
∼= Cǫ
β
k2
∫ 2π
0
dθ
2π
eiβθ =
Cǫβ
k2
eiβ(2π) − 1
2πiβ
. (5.43)
ii) For β = 0, i.e., f(z) ∼ Cz−1 (the tree massless form), however, we have the
additional term:
f(k2) =
1
π
∫ R
0
dz
Imf(z + iǫ)
z − k2 +
C
k2
. (5.44)
iii) Finally, the additional term remains also for the singular function f(z) ∼
Czβ−1 with negative and non-integer β (IR enhanced case). It is this case that
corresponds to the ghost propagator in the Landau gauge, as argued below based on
the RG equation.
5.5 Renormalization condition
This should be compared with the momentum subtraction scheme in perturbation
theory where the renormalization condition fixes the gluon propagator to the tree-level
one at a sufficiently large space-like renormalization point k2 = µ2, i.e.,DT (µ
2, µ2, g2R, λR) =
1/µ2. This will lead to
∫ ∞
0
dp2ρ(p2, µ2 →∞, g2R → 0, λR → λ∗) = 1. (5.45)
In the formal level, the spectral representation has the expansion for large Q2
F (Q2, µ2, g2R, λR) =
∫ ∞
0
dp2
Q2
Q2 + p2
ρ(p2, µ2, g2R, λR)
=
∞∑
n=0
(−1)n
(Q2)n
∫ ∞
0
dp2(p2)nρ(p2, µ2, g2R, λR). (5.46)
This power-series expansion in 1/Q2 is not well-defined, since finiteness of the integral
as the coefficient is not guaranteed for n > 1.
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The relation (5.45) seems to contradict with the superconvergence relation. How-
ever, the renormalization condition F (µ2, µ2) = 1 is too strong, since it specifies
in advance a part of the non-perturbative dynamics which should be determined
by solving the theory. Therefore, we do not require the renormalization condition
F (µ2, µ2) = 1 even for large µ in this paper. Rather, we adopt the renormalization
condition for any value of µ
F (µ2, µ2)G2(µ2, µ2) = 1, (5.47)
where G is the ghost form factor. A loophole of the above argument is to take into
account the FP ghost in the superconvergence relations.
The superconvergence relation is consistent with
lim
Q2→∞
F (Q2, µ2 <∞, g2R > 0, λR) =
∫ ∞
0
dp2ρ(p2, µ2 <∞, g2R > 0, λR) = 0. (5.48)
Remarks:
1. The superconvergence relation is the spectral sum rule for the interacting the-
ory. The superconvergence relation implies the violation of positivity of the spectral
density of the transverse gluon propagator in Landau gauge. This can be interpreted
as a manifestation of (gluon) confinement. However, it is not sufficient to conclude
color confinement.
2. In [5], it was argued that the superconvergence relation might therefore be
interpreted as a reincarnation of Haag’s theorem; The free theory and the interacting
theory are inequivalent no matter how small the coupling is.
6 Infrared fixed point and color confinement
The color confinement criterion of Kugo and Ojima is concerned with the IR behavior
of the ghost form factor. Therefore, we focus on the IR behavior of the ghost form
factor and its relationship with the gluon form factor.
The gluon propagator for which the superconvergence holds can behave like a
power of the momenta in the IR asymptotic region. For the ghost, however, the
superconvergence does not hold in general and hence we can not conclude the ghost
propagator behaves like a power of the momenta in the IR region. The power-like
solution of the gluon propagator is possible if and only if the RG function has the
power series expansion in the coupling constant around an IR fixed point. In what
follows, we argue that the power like behavior for both propagators is consistent
with the RG functions which has the power series expansion in the coupling constant
around an IR fixed point based on the RG equation.
6.1 IR fixed point
In what follows, we consider a phase of QCD which is connected to the asymptotic
free regime, i.e., β(0) = 0 and β(α) < 0 for sufficiently small α > 0. Let α∞ be the
infrared (IR) value of the running coupling constant α(µ), i.e., α∞ = α(µ = 0).
Suppose that the β-function is a continuous function of g2. If there is a region in
which β(α) > 0, there must be at least one α0 such that β(α0) = 0. Therefore, we
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restrict our consideration to the first negative region of β(α) ≤ 0, i.e., 0 ≤ α ≤ α0
where α0 is a zero closest to the origin. See Figure 5. If β(α) is negative in the whole
region α > 0, we can interpret α0 =∞.
Figure 5: Two types of the beta function and the corresponding running coupling
constants.
Now we proceed to examine which IR asymptotic forms of the propagator are
possible as solutions of the RG equation. Suppose that the RG functions β(α), γ(α)
are single-valued and continuous functions and that they can be expanded into the
formal power series around α = α∞:
β(α) =β∞ + (α− α∞)βIR1 +
1
2
(α− α∞)2βIR2 + · · · , (6.1)
γ(α) =γ∞ + (α− α∞)γIR1 +
1
2
(α− α∞)2γIR2 + · · · , (6.2)
where we have defined β∞ := β(α∞), γ∞ = γ(α∞).
In our argument, the existence of the Landau pole (namely, the running coupling
α blows up at a certain µ = µ0 > 0 before reaching the IR limit µ = 0) is excluded
from the beginning, since it is considered to be an artifact of the perturbation theory.
We also excluded the case of β∞ = −∞, since the power series expansion around
α = α∞ loses the meaning in this case. Even in this case, we consider that the
anomalous dimension γ∞ remains finite |γ∞| < ∞ even in the IR limit. Otherwise,
the field itself will lose its meaning in the IR limit.
We need to estimate the ratio γ(α)/β(α) to know the IR asymptotic form of
the propagator where γ(α) depends on the field in question. We discuss two cases
separately: (I) β∞ = 0, (II) β∞ 6= 0(< 0). In any case, the running of the coupling
constant is governed by ∫ α¯(p)
α(σ)
dα
β(α)
=
∫ p
σ
dµ
µ
. (6.3)
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In the case of (I), the integration of (6.3):
∫ α¯(p)
α(σ)
dα
(α− α∞)βIR1
∼=
∫ p
σ
dµ
µ
(6.4)
shows that the running coupling constant α¯ behaves for small p as
α¯(p)− α∞
α(σ)− α∞
∼=
(
p
σ
)βIR1
. (6.5)
In this case, βIR1 > 0, since β(0) = 0, β(α∞) = 0 and β(α) < 0 for 0 < α < α∞.
Then, the ratio in the case (I) reads
γ(α)
β(α)
=
1
α− α∞
1
βIR1
[
γ∞ + (α− α∞)
(
γIR1 −
1
2
γ∞
βIR2
βIR1
)
+O((α− α∞)2)
]
, (6.6)
which yields
exp
{
2
∫ α¯
α
dα
γ(α)
β(α)
}
=
(
p2
σ2
)γ∞
exp
{
(α− α∞)
βIR1
(
2γIR1 − γ∞
βIR2
βIR1
)
[−1 + (p/σ)βIR1 ]
}
,
(6.7)
after rewriting α¯(p) in terms of p using (6.5). Therefore, the form factor and the
propagator of the Φ-field behave respectively like
FΦ(p
2) ∼=
(
p2/σ2
)γΦ
∞
, DΦ(p
2) :=
FΦ(p
2)
p2
∼=
(
p2/σ2
)γΦ
∞
−1
. (6.8)
In the case (II), the IR behavior of the running coupling constant α¯(p) is deter-
mined from ∫ α¯(p)
α(σ)
dα
β∞ + (α− α∞)βIR1
=
∫ p
σ
dµ
µ
, (6.9)
which is integrated as
β∞ + (α¯(p)− α∞)βIR1
β∞ + (α(σ)− α∞)βIR1
∼=
(
p
σ
)βIR1
. (6.10)
Here the coefficient must be non-positive βIR1 ≤ 0. Otherwise, we run into the
contradiction. In fact, the RHS goes to zero as p2 → 0 for βIR1 > 0, while LHS
is non-vanishing in this limit α¯(p) → α∞ for β∞ 6= 0. On the other hand, the ratio
in the case (II) given by
γ(α)
β(α)
=
1
β∞
[
γ∞ + (α− α∞)
(
γIR1 − βIR1
γ∞
β∞
)
+O((α− α∞)2)
]
(6.11)
yields
exp
{
2
∫ α¯
α
dα
γ(α)
β(α)
}
= exp
{
(α¯− α)γ∞
β∞
+
1
2
[(α¯− α∞)2 − (α− α∞)2] 1
β∞
(
γIR1 − βIR1
γ∞
β∞
)}
.
(6.12)
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This expression converges to a constant in the IR limit p2 → 0. Therefore the
leading IR power behavior of the propagator is still given by the tree form: DΦ(p
2) ∼=
const.(p2)−1 in the case (II).
Thus we conclude that the second case (II) is excluded for the gluon by the
superconvergence relation, suggesting the existence of the IR stable fixed point β∞ :=
β(α∞) = 0. Since the β-function is common to all the fields, the other fields should
obey the power law (6.8) but with different anomalous dimensions γΦ∞.
12 For the
gluon, we use
γA∞ = 2κ = 1 (6.13)
from the above argument based on the superconvergence. The remaining ghost
anomalous dimension γC∞ is determined as follows.
The non-renormalization [86] of gluon–ghost–antighost vertex in the Landau gauge,
i.e.,
Z˜1 ≡ Z1/23 Z˜3Zg = 1 (6.14)
yields, by taking the logarithm and operating the differential operator µ ∂
∂µ
, an identity
among the RG functions
γA(α) + 2γC(α) =
β(g)
g
=
β(α)
2α
≤ 0. (6.15)
Then we have a relationship in the Landau gauge in the case (I) at α = α∞
γA∞ + 2γ
C
∞ = 0. (6.16)
Therefore, the sign of γC∞ is opposite to γ
A
∞. Substituting the anomalous dimension
of the gluon γA∞ = 1 into (6.16), we obtain
γA∞ = 1, γ
C
∞ = −1/2 (6.17)
in the Landau gauge in the case (I). Thus, the gluon propagator is suppressed while
the ghost propagator is enhanced in the IR region.
However, this result seems to be incompatible with the superconvergence of the
ghost in the Landau gauge, which may yield γC∞ = 1 for the massive ghost. Note
that the Landau gauge λ = 0 is the fixed point, but it is the IR stable fixed point
and not the UV stable fixed point. For superconvergence, we need the behavior of
the UV limit where the perturbation theory is reliable due to asymptotic freedom.
The superconvergence for the ghost does not hold for λ 6= 0, no matter how small
λ is. The result depends on the initial value of λ. Therefore, the treatment of the
12Our argument should be compared with that of [14] (See also Appendix A in [19] for some
minor corrections) where it is pointed out that the power-series in momentum (without logarithmic
corrections [20]) G(Q2, µ2) =
∑
n dn(g)(Q
2/µ2)δn can be a solution of the RG equation for the
ghost formfactor in the Landau gauge λ = 0 if and only if the exponents δn are g independent and
dn(g) ∼= exp
{∫ g
dl 2[δn+γ(l)]
β(l)
}
. Here the RG functions β(l) and γ(l) are unspecified in sharp contrast
with our consideration. The exponent δ was determined based on the approximate solution of the
SD equation for gluon and ghost propagators.
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superconvergence of the ghost propagator is more subtle than the gluon propagator.
The superconvergence of ghost in the Landau gauge is very special compared with
that of gluon which has superconvergence irrespective of the choice of λ. As we have
shown in the previous section, this difficulty can be avoided if the ghost does not have
the massive spectrum and the power-series expansion loses the meaning. In fact, the
above consideration based on the RG equation suggests that the ghost propagator
is enhanced in the IR and of the long-range type, while the gluon propagator is
suppressed in the IR and of the short-range type.13
6.2 Color confinement
A sufficient condition for color confinement was proposed by Kugo and Ojima (KO)
[88, 89], see also [90, 91]. The criterion in the original form is a condition u(0) = −1
for the two-point function of the composite operators:
δAB
(
gµν − pµpν
p2
)
u(p) :=
∫
d4xeip(x−y)〈0|T(DµC)A(x)g(Aν × C¯)B(y)|0〉. (6.18)
In particular, it was shown later that the criterion is considerably simplified in the
Landau gauge λ = 0 [92]. It was reduced to a condition for the ghost form factor in
the IR limit:
lim
Q2→0
[Q2∆FP (Q
2)]−1 ≡ lim
Q2→0
[G(Q2)]−1 ≡ 1 + u(0) = 0. (6.19)
Our argument given above leads to the ghost form factor enhanced in the IR:
G(Q2) ∼=
(
Q2/σ2
)γC
∞ ∼=
(
Q2/σ2
)−1/2
. (6.20)
Therefore, the solution found in this article satisfies the KO color confinement crite-
rion (6.19). In this sense, color confinement is achieved in the Landau gauge Yang-
Mills theory.
As demonstrated in this article, the superconvergence alone is not sufficient to
draw the conclusion for color confinement. In fact, the KO criterion needs the prop-
erty of the IR limit Q2 → 0 of the two-point function for ghost and antighost. In the
gauges other than the Landau, the detailed information for gluon is also needed to
verify the KO criterion. According to recent investigations of the coupled SD equa-
tions for gluon and ghost, contribution from ghost plays the dominant role in the IR
region.
This result should be compared with the Nishijima criterion [93,94,95,96] for color
confinement
Z−13 = 0. (6.21)
13As a theoretical possibility, we can not exclude the converse case based on this argument alone,
namely, the gluon propagator is enhanced in the IR and of the long-range type, while the ghost
propagator is suppressed in the IR and of the short-range type. However, such a solution with κ < 0
can not be a consistent solution of the truncated coupled SD equations for the gluon and ghost
propagators.
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This criterion is also satisfied in this case, since the combination of the renormalized
spectral representation and the renormalized superconvergence relation implies
Z−13 =
∫ ∞
0
dp2ρ(p2, µ2, g2R, λR) =
λ
λ∗
, (6.22)
as already argued by himself.
Our argument just given is not complete due to an assumption on the RG func-
tions, as the following example shows.
6.3 IR attractor
Figure 6: The beta function with an IR attractor and the corresponding running
coupling constant.
Moreover, there is an exceptional case to the above argument. It is the case of
IR attractor where β function has a pole (not a zero) at a certain point αa, i.e.,
β(αa − 0) = −∞, see Figure 6. In this case, the β-function blows up (down) at αa
before reaching the IR limit α∞ and hence the β-function cannot be expanded around
α = α∞ (Note that α∞ > αa). Some authors [97] argued that the IR attractor will
be realized in QCD with small number of flavors, just as the supersymmetric (SUSY)
gluodynamics has the IR attractor [98,99]. The exact NSVZ [98] β function for SUSY
gluodynamics is given by
β(α) = −α
2
2π
3C2(G)
1− C2(G)α/2π , (6.23)
where C2(G) is the quadratic Casimir operator in the adjoint representation, C2(G) =
Nc for SU(Nc). Of course, it has the power series expansion around α = 0:
β(α) = −α
2
2π
3C2(G)
∞∑
n=0
(
C2(G)
α
2π
)n
. (6.24)
In the case of IR attractor, the coupling constant α(µ) becomes complex-valued below
the scale µa at which the pole exists αa = α(µa). Therefore, we need independent
study in the case of IR attractor.
34
7 MA gauge
We have obtained all the possible superconvergence relations based on the asymptotic
behavior of the propagator. See Appendix A for calculations. Summarizing the result,
the superconvergence relation holds for the diagonal gluon, off-diagonal FP ghost, off-
diagonal gluon, while the superconvergence does not occur for the diagonal FP ghost.
In what follows, we choose the gauge parameter β = 0 for diagonal components
and omit to write β = 0 hereafter. The the following unsubtracted dispersion rela-
tions for the propagators and form factors and the superconvergence relations hold
irrespective of the gauge parameter α for off-diagonal components. The diagonal
gluons have
Ddiag(k
2, µ2, g2, α) =
∫ ∞
0
dp2
ρdiag(p
2, µ2, g2, α)
p2 − k2 , (7.1)
Fdiag(k
2, µ2, g2, α) =−
∫ ∞
−0
dp2
p2ρdiag(p
2, µ2, g2, α)
p2 − k2 , (7.2)
0 =
∫ ∞
0
dk2ρdiag(k
2, µ2, g2, α). (7.3)
The off-diagonal gluons have
DA(k
2, µ2, g2, α) =
∫ ∞
0
dp2
ρA(p
2, µ2, g2, α)
p2 − k2 , (7.4)
FT (k
2, µ2, g2, α) =−
∫ ∞
−0
dp2
p2ρA(p
2, µ2, g2, α)
p2 − k2 , (7.5)
0 =
∫ ∞
0
dk2ρA(k
2, µ2, g2, α). (7.6)
The off-diagonal FP ghosts have
∆FP (k
2, µ2, g2, α) =
∫ ∞
0
dp2
ρFP (p
2, µ2, g2, α)
p2 − k2 , (7.7)
GFP (k
2, µ2, g2, α) =−
∫ ∞
−0
dp2
p2ρFP (p
2, µ2, g2, α)
p2 − k2 , (7.8)
0 =
∫ ∞
0
dk2ρFP (k
2, µ2, g2, α). (7.9)
However, the diagonal FP ghost propagator has an unsubtracted dispersion rela-
tion
∆diag(k
2, µ2, g2, α) =
∫ ∞
0
dp2
ρc(p
2, µ2, g2, α)
p2 − k2 = −
1
k2
Gdiag(k
2, µ2, g2, α) (7.10)
without superconvergence.
Therefore, the diagonal gluon, off-diagonal ghost and off-diagonal gluon become
massive. From the viewpoint of Abelian dominance, the massma of the diagonal gluon
must be smaller than masses mA, mC of the off-diagonal gluon and off-diagonal ghost.
The off-diagonal propagator must be short-ranged compared to the diagonal one.
Indeed, a numerical simulation on a lattice indicates this is the case [72]. Moreover,
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the latest simulation has confirmed this result and provided more detail, i.e., mA ∼=
2ma [73] where the gauge parameters adopted correspond to αR = 0 and βR = 0. It
should be remarked that the ghost propagators have not yet been measured in these
lattice studies [72,73]. The above results show that the off-diagonal ghost propagator
We can not say anything about the diagonal ghost. However, only the diagonal ghost
propagator can have the long-range correlation. This is necessary for the confinement
to hold, since the only the long-range correlation can convey the information to the
long distance region where confinement is relevant.
The massiveness of the diagonal gluon is unexpected at first sight. This is because
the residual U(1) invariance seemed to impose the masslessness of the diagonal gluon
and the long-range mode is needed to explain quark confinement, e.g., the linear
potential. However, we must recall that the ghosts play the role of the longitudinal and
scalar gluons in the Landau gauge where the longitudinal and scalar gluon disappear.
Therefore, the linear potential will be provided by the contribution from the diagonal
ghost. In addition, the massive diagonal gluon after gauge fixing does not contradict
the general principle of quantum field theory as discussed below form the viewpoint
of the residual local gauge symmetry. This scenario seems to be not inconsistent
with the confinement picture obtained in the case of Lorentz gauge fixing. All the
gluons are expected to become massive, while all the ghosts are expected to be long
range, provided that the color symmetry is unbroken. In the MA gauge, the color
symmetry is explicitly broken by the gauge fixing procedure. Therefore, the diagonal
and off-diagonal components can behave differently.
8 Conclusion and discussion
In this article we have examined how the propagators and the form factors for gluon
and ghost behave as complex-valued functions on the complex p2 plane from the
viewpoint of general principles (multiplicative renormalizability, analyticity, Poincare´
covariance, spectral condition, completeness) of quantized gauge field theories formu-
lated in the manifestly Lorentz covariant fashion. In particular, we have emphasized
that it is the analyticity of the propagator and the corresponding form factor on the
complex p2 plane that enables us to connect the UV asymptotic solution into the IR
asymptotic solution and vice versa.
We have obtained all the possible superconvergence relations for gluons and ghosts
in the generalized Lorentz gauge and the modified MA gauge, by making use of their
UV asymptotic behaviors which are calculable reliably by perturbation theory due
to asymptotic freedom. The superconvergence relations are obtained by combining
two sum rules for a propagator and an associated form factor following from the an-
alyticity on the cut complex p2 plane. Thereby, we can predict the IR asymptotic
behavior of the Euclidean field propagator for which the superconvergence relation
holds. By equating the dispersion relation following from analyticity with the spectral
representation following from the spectral condition and Poincare´ covariance, it has
been shown that the propagator with superconvergence may have massive pole and
hence become short-range. Moreover, we have discussed the implications of super-
convergence to color confinement in both gauges. In other words, we have presented
a scenario of deriving color confinement.
In the generalized Lorentz gauge, we have confirmed that the gluon has supercon-
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vergence for arbitrary gauge parameter and hence the gluon propagator may become
short-range. However, the superconvergence for the ghost should not hold for arbitrary
gauge. 14 This is consistent with the approximate solutions of the coupled SD equa-
tions for gluons and ghosts in the Landau gauge [10,11,12,16,17,18,19,20,21,23]. If the
superconvergence held for the ghost, the ghost propagator would become short-range.
However, it is reasonable that the IR enhanced ghost propagator be long-range, since
only the IR enhanced ghost could be a candidate for a carrier of confinement. We
have concluded that the gluon propagator exhibits the power behavior characterized
by the IR critical exponent κ = 1/2,
DT (Q
2) ∼= const.+O(Q2), (8.1)
while the ghost propagator has a negative and non-integer exponent.
Supposing the RG functions have the power series in the coupling constant g2
around the IR value g2(µ = 0), we have specified the IR asymptotic behavior for the
gluon and ghost propagators so as to be consistent with the above consequence of
superconvergence relations. Moreover, we required that the solution is compatible
with the existence of the IR fixed point. Then the IR critical exponent of the ghost
is determined. Thus we conclude that the ghost propagator in the Landau gauge
behaves like 15
∆FP (Q
2) ∼= (Q2)−3/2. (8.2)
This result is also consistent with the SD equation approach, if and only if the IR
critical exponent κ takes the value κ = 1/2. The IR asymptotic behavior of the ghost
propagator (8.2) fulfills a sufficient condition of color confinement in the Landau gauge
presented in [92] which is originally due to Kugo and Ojima [89], see also [90,91]. The
negative half integer exponent for the ghost implies the existence of the branch cut
beginning at the origin and extending on the positive real axis in the complex k2
plane. This is indeed the situation which is necessary to adopt a new integration
contour in discussing anew the superconvergence relation for the ghost.
The IR limit of the running coupling constant g2(0) can be estimated by solving
the ghost SD equation by substituting the IR asymptotic solutions (8.1) and (8.2),
as already worked out in the SD equation approach, see e.g. Appendix A of [17]. In
Figure 7, we have summarized the relationship between the RG functions (β function
and anomalous dimension) and the running coupling constant and propagators. An
exception to be above argument is the solution corresponding to the IR attractor,
which has been suggested to exist for QCD with quark flavors below a certain critical
14In the manifestly Lorentz covariant formulation, even the spectral function ρ(p2) of the transverse
gluon is no longer positive. In fact, it is negative for large p2 due to the indefinite metric of state
space. In view of this, it is difficult to give an intuitive interpretation to the superconvergence
relation from the physical point of view. In the generalized Lorentz gauge, the longitudinal part
including the gauge parameter is also renormalized, in sharp contrast with the usual Lorentz gauge.
Especially, in the Landau gauge, the gluon propagator does not have the longitudinal part. The
unphysical degrees of freedom such as the longitudinal and the scalar parts are related to the ghost
and antighost that are also unphysical, but exist even in the Landau gauge. Therefore, we have no
reason to distinguish the ghost from the other unphysical components of the gluon.
15If the constant is zero in the gluon propagator (8.1), i.e., DT (Q
2) ∼= O(Q2) ↓ 0, the the ghost
propagator behaves like ∆FP (Q
2) ∼= (Q2)−2 ↑ ∞ instead of (8.2). This is nothing but the Gribov
limit, κ = 1 [24]. However, the explicit form obtained by Gribov contradicts with the analyticity
requirement, since the Gribov form has a complex conjugate pair of poles.
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number based on the higher order analysis of perturbative series [97]. This case is to
be investigated separately.
Figure 7: The schematic behavior of RG functions, running coupling constant and
propagators for gluons and ghosts for Yang–Mills theory in the Lorentz–Landau
gauge. (a) Beta function vs. Running coupling, (b) Anomalous dim. of gluon vs.
Gluon propagator, (c) Anomalous dim. of ghost vs. FP Ghost propagator.
Our results do not contradict with the existence of the gluon condensate 〈A 2µ 〉
of mass dimension two. The reason is as follows. The superconvergence relation has
been derived using only the leading term of the ultraviolet asymptotic form of the
propagator, while the relevant condensate appears as the sub-leading term of the
ultraviolet asymptotic propagator, as the OPE calculation of the gluon propagator
shows. Therefore, the existence of such a condensate of mass dimension two does
not influence the existence or non-existence of the superconvergence relation. [In
a very special situation (if any) in which all the perturbative terms vanish, such a
condensate will be directly related to the infrared behavior of the propagator through
the analyticity.] This is also the case for the gluon–ghost condensate [65, 66, 67] in
the Maximal Abelian gauge.
It should be remarked that our results hold for arbitrary choice of gauge fixing.
Therefore, the IR enhancement of the ghost propagator should hold for both the
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Landau and non-Landau gauges in the Lorentz type gauge fixing. This is also the
case for arbitrary gauge fixing parameters in the Curci-Ferrari gauge. Moreover, the
IR enhancement of the ghost propagator in the Curci-Ferrari gauge is compatible with
the existence (or finiteness) of the on-shell BRST-invariant gluon-ghost condensate
〈1
2
Aµ · Aµ + λiC¯ · C 〉 which is written in terms of the gluon and ghost propagators
and their form factors as (see (3.32) for the definition)
〈
1
2
Aµ ·Aµ + λiC¯ · C
〉
=(N2 − 1)
∫
d4Q
(2π)4
[
1
2
Dµµ(Q
2) + λ∆FP (Q
2)
]
=(N2 − 1)
∫ Λ2
ǫ2
dQ2
16π2
[
3
2
F (Q2) +
λ
2
FL(Q
2) + λG(Q2)
]
.
(8.3)
For the form factors having the IR power-law behaviors
F (Q2) ∼= A · (Q2)2κ, FL(Q2) ∼= A′ · (Q2)−κ′, G(Q2) ∼= B · (Q2)−κ, (8.4)
the integration of the last term is convergent for arbitrary λ (after renormalization
of the UV divergence), if κ < 1 (excluding the Gribov limit κ = 1 again), since it
behaves as (ǫ2)1−κ for the lower bound ǫ. Therefore, the dominant contribution to
the gluon–ghost condensate comes from the UV asymptotic region, even if the ghost
propagator is enhanced in the IR limit.16 The similar argument can be given also in
the MA gauge.
It is also expected that there exists some relationship between the vacuum conden-
sate and the non-trivial topological object. However, the superconvergence relation
utilizes only the leading term of the RG improved perturbation theory to character-
ize the ultraviolet asymptotic behavior which is continued analytically to the infrared
region. The non-trivial topological object, e.g., instanton clearly appears in the non-
perturbative treatment. Therefore, it is beyond the present framework of this article
to extract or separate the effect of the topological object. This issue is to be tackled
again in the near future.
In the MA gauge, we have shown that the off-diagonal gluon and the off-diagonal
ghost have superconvergence and hence all the off-diagonal propagators converge to
Q2-independent constants in the IR limit. This implies that the off-diagonal modes
become massive in the MA gauge as is expected from the Abelian dominance [30,70,
71]. This results do not contradict with the existence of the vacuum condensates of
mass dimension 2 in the MA gauge [65, 67]. We have found that the diagonal gluon
propagator may be of the massive type, since the superconvergence holds. This is
a novel feature discovered for the first time in our analytical study, supporting the
numerical study [73]. This implies that the diagonal gluon becomes massive without
breaking the residual local U(1) invariance. We wish to emphasize the importance of
the diagonal ghost propagator in pure Yang–Mills theory with the MA gauge fixing.
We conjecture that only the diagonal ghost propagator can be short-range to mediate
the long-range confining force in the manifestly covariant formulation, since only the
diagonal ghost does not obey superconvergence. These results can be compared with
16For the condensate 〈12Aµ · Aµ〉 in the usual Lorentz gauge, the lattice simulation exhibits the
dominance of the UV contribution for the integral of F (Q2) in the Landau gauge λ = 0, see [104].
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numerical results [72, 73] where the ghost propagators are not measured. There is
another possibility in the MA gauge, as will be discussed in a forthcoming article.
In the MA gauge, therefore, the SD equation approach in addition to numerical
simulations is indispensable to obtain the precise behavior of propagators, especially,
the diagonal gluon and diagonal ghost propagators as in the Lorentz–Landau gauge.
In this study, it is very important to reproduce correctly the one-loop perturbation
result as a self-consistent solution in the asymptotic UV region. Consequently, the
analyticity allows the UV asymptotic solution to be analytically continued into the
correct IR asymptotic solution. This requirement will help to constrain the approxi-
mation (for the vertices) to be adopted for writing down the solvable SD equation in
MA gauge. At the same time, the truncation of the SD equation must be performed
in consistent with the multiplicative renormalizability. These points could be good
criteria of judging the efficiency of the adopted approximations. The SD equations
of gluodynamics in MA gauge will be discussed in a separate article, see [45] for a
preliminary result.
From our viewpoint, recent studies of the coupled SD equations for gluon and
ghost propagators in the Landau gauge performed by Bloch [16,17,23] are very inter-
esting in the following respects. He has proposed the truncation scheme respecting
the multiplicative renormalizability and reproducing the leading order resumed per-
turbative results (beyond one-loop result) in the UV region [16]. Then he has actually
solved the coupled SD equations for gluon and ghost propagators by including for the
first time all the diagrams (including two-loop diagrams in the gluon equation) and
has found the numerical solution over the whole range of momenta characterized by
the power behavior in the IR region [23]. Among other things, his solution includes
the case of κ = 0.5, although all the approximate solutions obtained so far has κ
slightly larger than 0.5. His solution seems to be an approximate solution which is
consistent with the general principles of gauge field theories.
Here we comment on whether or not our results are affected by the Gribov prob-
lem. Gribov [24] studied how the requirement of preserving positivity of the ghost
propagator influence the original Yang–Mills theory. This requirement forces one to
restrict the region of functional integration over the gauge field to a subspace con-
nected to the origin (called the first Gribov region) inside the Gribov horizon. Our
results still hold even in the presence of Gribov problem, as far as the analyticity is
kept even after restricting the functional integration. Otherwise, it becomes impos-
sible to perform the analytic continuation of the Euclidean propagator back to the
Minkowski region.
In order to know the analytic structure of the propagators more explicitly, it is
desirable to solve the SD equations on the complex p2 plane. Such investigations
have been performed only for the quark SD equation [100, 101]. Solving the cou-
pled SD equations for gluon and ghost on complex p2 plane will be a challenge in
future. See [102] for numerical simulations. In a subsequent article we will discuss
the effect of including the fermion flavors and clarify the interplay between color
confinement/deconfinement and chiral symmetry breaking/restoration.
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A Calculation of UV asymptotic behavior of the
propagators
A.1 Generalized Lorentz gauge (Curci–Ferrari gauge)
The running of the gauge coupling constant is governed by the differential equation:
β(g2R) := µ
∂g2R
∂µ
= −11
3
C2(G)
2g4R
(4π)2
, (A.1)
and the gauge fixing parameter are governed by the differential equations:
γξ(g
2
R) := µ
∂ξR
∂µ
= 2λRξR(ξR − 1)
(
ξR − 1
2
)
C2(G)
g2R
(4π)2
, (A.2)
γλ(g
2
R) := µ
∂λR
∂µ
= 2λR
[
13
6
− λR
2
+ λRξR(1− ξR)
]
C2(G)
g2R
(4π)2
. (A.3)
Eq. (A.1) is a closed equation and it is solved exactly,
g2R(µ) =
g2R(µ0)
1 + 22
3
C2(G)
(4π)2
g2R(µ0) ln
µ
µ0
=
1
22
3
C2(G)
(4π)2
ln µ
ΛQCD
, (A.4)
where we have used the boundary condition gR(µ0) =∞ at µ0 = ΛQCD. The remain-
ing two equations (A.2) and (A.3) are coupled equation. Using the solution (A.4) and
rewriting the derivative 1
g2
R
µ ∂
∂µ
in (A.2), (A.3) as
1
g2
µ
∂
∂µ
=
22
3
C2(G)
(4π)2
ln
µ
ΛQCD
µ
∂
∂µ
=
22
3
C2(G)
(4π)2
∂
∂ ln ln µ
ΛQCD
, (A.5)
we can eliminate g2 dependence in (A.2) and (A.3) as
∂ξR
∂ ln ln µ
ΛQCD
=
3
11
λRξR(ξR − 1)
(
ξR − 1
2
)
, (A.6)
∂λR
∂ ln ln µ
ΛQCD
=
3
11
λR
[
13
6
− λR
2
+ λRξR(1− ξR)
]
. (A.7)
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They are still coupled equation and we can not solve them exactly. Therefore, we
restrict our consideration to the subspace in which the flow is always confined. It
is the fixed subspace consisting of the fixed points of the RG. The fixed point (to
one-loop order) is obtained by solving the algebraic equation simultaneously:
λRξR(ξR − 1)
(
ξR − 1
2
)
= 0, λR
[
13
6
− λR
2
+ λRξR(1− ξR)
]
= 0. (A.8)
λ
ξ
Figure 8: RG flow in the (ξ, λ) plane.
α
α’
Figure 9: RG flow in the (α, α′) plane.
We find one fixed line consisting of fixed points and three isolated fixed points in
the (ξR, λR) plane, or equivalently four isolated fixed points in the (αR, α
′
R) plane:
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A. The line of fixed points: λR = 0, ξR ∈ R corresponds to an isolated fixed point
(αR, α
′
R) = (0, 0).
B. (ξR, λR) = (
1
2
, 26
3
) corresponds to (αR, α
′
R) = (
26
3
, 0).
C. (ξ, λ) = (0, 13
3
) corresponds to (αR, α
′
R) = (0,
13
3
).
D. (ξR, λR) = (1,
13
3
) corresponds to (αR, α
′
R) = (
26
3
,−13
3
)
If the two parameters ξR, λR are set equal to one of the fixed points, the theory
remains forever on the fixed subspace. If the system starts from other points and the
scale µ is decreased, it evolves into the infrared (IR) region according to a couple of
differential equations (A.1), (A.2) and (A.3).
Among the RG flows, the five RG flows (I, II, III, IV, V) connecting the fixed points
A,B,C,D form the watershed (or backbone) in the flow diagram.
I. ξR =
1
2
, α′R = 0. (A.9a)
II. ξR = 0, αR = 0. (A.9b)
III. ξR = 1, α
′
R = −
1
2
α. (A.9c)
IV. λR =
13
3
1
1− ξR , α
′
R = −
1
2
αR +
13
3
. (A.9d)
V. λR =
13
3
1
ξR
, αR =
26
3
. (A.9e)
Figure 10: The flow of the gauge parameter λ in the generalized Lorentz gauge. The
arrow is directed to the IR region, i.e., decreasing the renormalization scale µ.
In what follows, we use λ to denote the initial value, λ¯ := λR the running parame-
ter and λ∗ the fixed point of RG. First, we consider the fixed subspace II, i.e., ξR = 0
in which λ∗ :=
13
3
and the λR is governed by
∂λR
∂ ln ln µ
ΛQCD
=
3
22
λR [λ∗ − λR] . (A.10)
This equation is easily integrated
∫ λ¯
λ
dλR
λR [λR − λ∗] = −
3
22
∫ µ
µ0
d ln ln
µ
ΛQCD
, (A.11)
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or
∫ λ¯
λ
dλR
[
1
λR
− 1
λR − λ∗
]
=
13
22
∫ µ
µ0
d ln ln
µ
ΛQCD
, (A.12)
to yield
λ¯ = λ∗

1− λ− λ∗λ
[
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
]− 13
22


−1
= λ∗

1− λ− λ∗λ
(
g¯2
g2
)+ 13
22


−1
. (A.13)
Note that λ¯ = 0 for λ = 0 and hence λ¯ = 0 is an IR fixed point, while the point
λ¯ = λ∗ is an UV fixed point. λ¯ = λ∗ for λ = λ∗. For other initial values of λ, we find
that λ¯ ↓ λ∗ for λ > λ∗ and λ¯ ↑ λ∗ for λ∗ > λ > 0, while λ¯→ −∞ for λ < 0.
The anomalous dimension of the gluon field is ξ-independent and is given by
γA(g
2
R) = −
1
2
(λ∗ − λR)C2(G) g
2
R
(4π)2
, (A.14)
and the ghost field has the (also ξ-independent) anomalous dimension
γC(g
2
R) = −
3− λR
4
C2(G)
g2R
(4π)2
. (A.15)
Substituting (A.13) for λ¯ ≡ λR into (A.14) and (A.15), we can regard the anomalous
dimensions as the functions of the gauge coupling g2 alone.
For the λ in the neighborhood of λ∗, (A.13) reads
λ¯ = λ∗ + δλ
(
g¯2
g2
) 13
22
+O((δλ)2), δλ := λ− λ∗. (A.16)
Therefore, the exponential factor for the gluon reads
exp
{
2
∫ g¯2
g2
dg2R
γA(g
2
R)
β(g2R)
}
= exp


∫ g¯2
g2
dg2R
1
11
3
g2R
1
2

−δλ
(
g2R
g2
) 13
22

+O(δλ2)


=exp

−δλ 322
22
13


(
g¯2
g2
) 13
22
− 1

+O(δλ2)


=

1− δλλ∗


(
g¯2
g2
) 13
22
− 1

+O(δλ2)


=
λ
λ∗
− δλ
λ∗
(
g¯2
g2
) 13
22
+O(δλ2)→ λ
λ∗
(g¯ → 0), (A.17)
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where we have used 1 + δλ
λ∗
= 1 + λ−λ∗
λ∗
= λ
λ∗
. For the ghost, the factor reads
exp
{
2
∫ g¯2
g2
dg2R
γC(g
2
R)
β(g2R)
}
= exp


∫ g¯2
g2
dg2R
1
11
3
g2R
1
4

3− λ∗ − δλ
(
g2R
g2
) 13
22

+O(δλ2)


=
(
g¯2
g2
) 3(3−λ∗)
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exp

−δλ 344
22
13


(
g¯2
g2
) 13
22
− 1

+O(δλ2)


=
(
g¯2
g2
)− 1
11

1− δλ2λ∗


(
g¯2
g2
) 13
22
− 1



+O(δλ2)
=
(
1 +
δλ
2λ∗
)(
g¯2
g2
)− 1
11
− δλ
2λ∗
(
g¯2
g2
) 11
22
+O(δλ2)→∞. (A.18)
The first term diverges as g¯ → 0. In this case the superconvergence relation does not
exist. In this case, the asymptotic form of the ghost form factor is given by
G(k2) ∼=
(
1 +
δλ
2λ∗
)(
ln
k2
µ2
) 1
11
→∞ as k2 →∞. (A.19)
The ghost spectral function has the asymptotic form
ρFP (k
2) ∼= −(k2)−1
(
1 +
δλ
2λ∗
)(
ln
k2
µ2
) 1
11
−1
. (A.20)
These results agree with those of [56].
For sufficiently small λ in the neighborhood of λ = 0, (A.13) reads
λ¯ ∼= λ
(
g¯2
g2
)− 13
22
. (A.21)
Therefore, the exponential factor for the gluon reads
exp
{
2
∫ g¯2
g2
dg2R
γA(g
2
R)
β(g2R)
}
= exp


∫ g¯2
g2
dg2R
1
11
3
g2R
1
2

λ∗ − λ
(
g2R
g2
)− 13
22




=
(
g¯2
g2
) 13
22
exp

 λλ∗

( g¯2
g2
)− 13
22
− 1




=
(
g¯2
g2
) 13
22

1 + λλ∗

( g¯2
g2
)− 13
22
− 1

+O(λ2)


=
λ
λ∗
+
(
1− λ
λ∗
)(
g¯2
g2
) 13
22
→ λ
λ∗
(g¯ → 0). (A.22)
This result is the same as the above result (A.17). For the ghost, however, the factor
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reads
exp
{
2
∫ g¯2
g2
dg2R
γC(g
2
R)
β(g2R)
}
= exp


∫ g¯2
g2
dg2R
1
11
3
g2R
1
4

3− λ
(
g2R
g2
)− 13
22




=
(
g¯2
g2
) 9
44
exp

 λ2λ∗


(
g¯2
g2
)− 13
22
− 1




=
(
g¯2
g2
) 9
44

1 + λ2λ∗


(
g¯2
g2
)− 13
22
− 1

+O(λ2)


=
λ
2λ∗
(
g¯2
g2
)− 17
44
+
(
1− λ
2λ∗
)(
g¯2
g2
) 9
44
→∞. (A.23)
This factor diverges for non-zero λ as g¯ → 0 no matter how small λ is chosen. In this
case the superconvergence relation does not exist. Only for an initial value λ = 0,
this factor goes to zero as g¯ → 0 and the superconvergence relation holds. Therefore,
there is a discontinuity at λ = 0 for the ghost factor. For the superconvergence to
be realized for the ghost propagator, we need a fine tuning of λ. In this case, the
asymptotic form of the ghost form factor is given by
G(k2) ∼= λ
2λ∗
(
ln
k2
µ2
) 17
44
→∞ as k2 →∞. (A.24)
The ghost spectral function has the asymptotic form
ρFP (k
2) ∼= −(k2)−1 λ
2λ∗
(
ln
k2
µ2
) 17
44
−1
. (A.25)
This case has not been worked out in [56].
Next, in the fixed subspace I, i.e., ξ = 1/2, the final result is obtained by replacing
13
22
by 13
44
with the identification λ∗ =
26
3
.
λ¯ = λ∗

1− λ− λ∗λ
[
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
]− 13
44


−1
= λ∗

1− λ− λ∗λ
(
g¯2
g2
)+ 13
44


−1
. (A.26)
The results for the λ in the neighborhood of λ∗ are obtained by replacing the exponent
1
11
by 17
44
. The results for sufficiently small λ in the neighborhood of λ = 0 are obtained
by replacing the exponent 17
44
by 1
11
. Finally, in the fixed subspace III, i.e., ξ = 1, the
same result as I is obtained, since the theory has the reflection symmetry ξ ↔ 1− ξ.
They are new results for the generalized Landau gauge.
Thus the ghost can escape from the superconvergence except for the Landau gauge
λ = 0. This point is very important for our result due to general principle to match the
results of approximate solutions of the Schwinger–Dyson equation for gluodynamics.
The Landau gauge limit λ ↓ 0 may be rather subtle.
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A.2 Modified MA gauge
We discuss only the case G = SU(2). It was shown [40, 37, 36, 38] that the RG
equation for the gauge fixing parameter β of the diagonal part is given by [36, 37]
µ
∂
∂µ
βR =
44
3
βR
g2R
(4π)2
, (A.27)
and the gauge fixing parameter α of the off-diagonal part obeys the RG equation
[40, 36, 37]
µ
∂
∂µ
αR =
[
−2α2R +
8
3
αR − 6
]
g2R
(4π)2
. (A.28)
We apply (A.5) to rewrite the differential equation (A.27) into the form which
does not explicitly depend on g2:
22
3
2
∂
∂ ln ln µ
ΛQCD
βR =
44
3
βR, (A.29)
which is easily solved:
∫ β¯
β
dβ
β
=
∫ µ
µ0
d ln ln
µ
ΛQCD
, (A.30)
and
β¯ = β
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
= β
(
g¯2
g2
)−1
= β
g2
g¯2
. (A.31)
As µ → ∞ or g¯ → 0, β¯ → +∞ for β > 0 and β¯ → −∞ for β < 0, while β¯ ≡ 0 for
β = 0.
Figure 11: The flow of the gauge parameter α in the modified MA gauge. The arrow
is directed to the IR region, i.e., decreasing the renormalization scale µ.
In the similar way, (A.28) is cast into
22
3
2
∂
∂ ln ln µ
ΛQCD
αR =
[
−2α2R +
8
3
αR − 6
]
, (A.32)
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or
∫ α¯
α
dαR
−2α2R + 83αR − 6
=
3
44
∫ µ
µ0
d ln ln
µ
ΛQCD
. (A.33)
First, we consider sufficiently small α, neglecting the order α2 term,
∫ α¯
α
dαR
8
3
αR − 6 =
3
44
∫ µ
µ0
d ln ln
µ
ΛQCD
, (A.34)
which yields
α¯(µ) =
9
4
+
(
α− 9
4
) [
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
] 2
11
=
9
4
+
(
α− 9
4
)(
g¯2
g2
)− 2
11
→ −∞ (µ→∞).
(A.35)
Next, we take into account the O(α2) term too. Applying the formula
∫ dx
ax2 + bx+ c
=
2√
4ac− b2 arctan
2ax+ b√
4ac− b2 (b
2 < 4ac), (A.36)
to (A.33), we obtain
arctan
−3α¯ + 2√
23
= arctan
−3α + 2√
23
+
√
23
22
ln
[
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
]
. (A.37)
Thus the running gauge parameter obeys
α¯(µ) =
2
3
−
√
23
3
tan
{
arctan
−3α + 2√
23
+
√
23
22
ln
[
ln(µ/ΛQCD)
ln(µ0/ΛQCD)
]}
(A.38)
=
2
3
−
√
23
3
tan
{
arctan
−3α + 2√
23
+
√
23
22
ln
[
g2
g¯2
]}
. (A.39)
This shows that α¯→ −∞ as µ→∞ irrespective of the value of α. Note that arctan x
has multivalued, unless −π/2 < arctan x < π/2.
The anomalous dimension of the diagonal gluon is given by [37]
γa(g
2
R) = −
22
3
g2R
(4π)2
, (A.40)
while the off-diagonal gluons have the anomalous dimension [40, 37]
γA(g
2
R) = −
g2R
(4π)2
[
17
6
− αR
2
− βR
]
. (A.41)
The anomalous dimensions of the diagonal ghost and diagonal antighost is calculated
as [37]
γc(g
2
R) = −γc¯(g2R) = −(3 + αR)
g2R
(4π)2
, (A.42)
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while the off-diagonal ghosts read [37]
γC(g
2
R) = −
g2R
(4π)2
(3− βR). (A.43)
For the derivation of anomalous dimensions, see [37, 36].
For the diagonal gluon, the correction factor reads
exp
{
2
∫ g¯2
g2
dg2R
γa(g
2
R)
β(g2R)
}
= exp
{∫ g¯2
g2
dg2R
1
g2R
}
=
g¯2
g2
=
[
ln(p/ΛQCD)
ln(µ0/ΛQCD)
]−1
→ 0.
(A.44)
The superconvergence relation holds for the diagonal gluon.
For the off-diagonal gluon,
exp
{
2
∫ g¯2
g2
dg2R
γA(g
2
R)
β(g2R)
}
= exp
{∫ g¯2
g2
dg2R
1
11
3
g2R
[
17
6
− αR
2
− βR
]}
=exp
{
3
11
(
17
6
− 1
3
) ∫ g¯2
g2
dg2R
g2R
− 3
11
√
23
6
∫ g¯2
g2
dg2R
g2R
[
tan
(√
23
22
ln
g2
g2R
+ arctan
−3α + 2√
23
)]}
× exp
{
− 3
11
βg2
∫ g¯2
g2
dg2R
(g2R)
2
}
=exp
{
15
22
∫ g¯2
g2
dg2R
g2R
−
∫ g2
R
=g¯2
g2
R
=g2
dx
[
tan
(
x+ arctan
−3α + 2√
23
)]}
× exp
{
− 3
11
βg2
∫ g¯2
g2
dg2R
(g2R)
2
}
=
(
g¯2
g2
) 15
22
∣∣∣∣∣cos
[√
23
22
ln
g2
g¯2
+ arctan
−3α + 2√
23
]∣∣∣∣∣
∣∣∣∣∣cos
[
arctan
−3α + 2√
23
]∣∣∣∣∣
−1
× exp
{
3
11
β
[
g2
g¯2
− 1
]}
→ 0 for β ≤ 0 (as g¯ → 0), (A.45)
where we have used ∫
dx tan(cx) = −1
c
ln | cos(cx)|. (A.46)
The RHS oscillates, but goes to zero for arbitrary α for β ≤ 0, while it goes to infinity
for β > 0. The superconvergence relation holds for β ≤ 0.
For the off-diagonal ghost,
exp
{
2
∫ g¯2
g2
dg2R
γc(g
2
R)
β(g2R)
}
= exp
{∫ g¯2
g2
dg2R
1
11
3
g2R
(3− βR),
}
=exp
{
9
11
∫ g¯2
g2
dg2R
g2R
− 3
11
βg2
∫ g¯2
g2
dg2R
(g2R)
2
}
=
(
g¯2
g2
) 9
11
exp
{
3
11
β
[
g2
g¯2
− 1
]}
→ 0 for β ≤ 0 (as g¯ → 0). (A.47)
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As µ→∞ (g¯ → 0), the RHS goes to zero for arbitrary α for β ≤ 0, while it goes to
infinity for β > 0. The superconvergence relation holds for β ≤ 0.
For the diagonal ghost, the anomalous dimension of the diagonal ghost has the
same magnitude as that of the diagonal antighost with opposite sign, i.e., γc(g
2
R) =
−γc¯(g2R) and hence the corrections cancel,
exp
{∫ g¯2
g2
dg2R
γc(g
2
R) + γc¯(g
2
R)
β(g2R)
}
= 1. (A.48)
There is no correction to the tree form for the diagonal ghost–antighost propagator.
Therefore, the superconvergence does not occur for diagonal ghost and antighost.
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